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For more than a quarter century, leaders in 
the mathematics education community have 
called for mathematics teaching to focus on 

conceptual understanding. Published materials, 
such as those of the Nufield Foundation and the 
Madison Project, provide early examples of this 
effort. A search through NCTM publications from 
the last two decades reveals continuing effort to 
focus instruction on conceptual understanding as 
the basis of computational skills. Yet many lessons 
and curricular materials published for primary and 
intermediate students continue to emphasize rote 
mechanical skills to produce answers. For many 

students, such arithmetic curricula contain major 
challenges, including the division algorithm. 

The instructional strategy for this algorithm 
frequently falls into a “goes into” mode 

and totally ignores the long hours spent 
developing students’ prior knowledge 
and understanding of the powerful 
concepts of grouping and place value. 

The advance of technology has 
caused many educators to question 
the time and energy expended for 
students to master the pencil-and-
paper computation skills embodied 
in the long-division algorithm. 
In today’s world, this mastery 

is truly a questionable goal. 
But understanding the con-

ceptual infrastructure of 
the algorithm will add to 

students’ technological 
proficiency. 

The purpose of this article is to help readers 
reflect on the conceptual meaning buried within the 
division algorithm and to see how this understand-
ing connects to students’ prior knowledge.

Many primary-level materials and primary 
classroom teachers spend important time and effort 
helping students develop number sense. A vital part 
of such activities involves counting and grouping 
objects. Grouping activities may begin with observ-
ing qualitative characteristic (e.g., color, shape, or 
size), but such activities easily move toward using 
quantitative properties. These quantitative grouping 
activities contribute to developing a sense of place 
value and the concept of division. Having students 
determine the cardinality of a collection of discrete 
objects by forming groups of ten is an appropriate 
step toward understanding the structure of place-
value numeration. Computational algorithms in our 
numeration system rely heavily on this conceptual 
structure of place value, so we should have it at the 
forefront when teaching computational processes.

Before addressing the long-division algorithm, 
let us examine the concept of division. Most pri-
mary mathematics programs include grouping 
activities involving conditions other than creating 
groups of tens, and they do not make specific men-
tion of division. Students may be given a collec-
tion of objects—for example, twelve hearts (see 
fig. 1)—and asked to do any number of exercises. 
All these exercises, as well as a follow-up discus-
sion of answers and procedures, lay the founda-
tion and are critical prior knowledge for a solid 
understanding of division. If we reflect back to how 
knowledge of multiplication develops, exercises 

Two key ideas help students develop the thinking 
that facilitates conceptual understanding of division: 

the role of place value in the quotient and the power 
of multiples of ten in determining the quotient.
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such as 2 × 6 = 12 are interpreted as “two sets of six 
objects equal a total of twelve objects.” Notice how 
this gives a quantity (number of parts, 2), and each 
part has a quality (measure, 6). Connecting the afore-
mentioned grouping activities to the quantity-quality 
interpretation of multiplication helps students realize 
the relationship between multiplication and division.  

Students must grasp two distinct concepts of 
division: (1) the idea of partitioning a collection of 
objects or equal sharing of them (thus the names 
partitive and fair sharing), and (2) separating a 
quantity into sets of a specified size or measure 
(hence the names measurement and repeated sub-
traction). We cannot determine the specific division 
interpretation for a specific exercise such as 27 ÷ 6 
or 6 27) . The situation’s context determines which 
concept of division is involved. 

On the basis of more than thirty-five years of 
teaching experience, including many lessons with 
intermediate-grade students, I can attest that when 
students are asked to model a division exercise 
apart from a specified context, some students will 
use the measurement approach and others will use 
the partitive approach. This difference suggests to 

me that students create a mental context for divi-
sion problems. Because the goal of this article is for 
readers to reflect on the concepts embodied in the 
long-division algorithm, we will take a moment to 
reflect on examples of the two concepts. Examine 
the following situations:

Situation 1: Ted has a collection of 15 matchbox 
cars. He places the cars into sets, each containing 3 
cars. How many sets of 3 cars can he make?

Situation 2: Janis has a box of 18 cookies. She sepa-
rates the cookies into 3 equal-sized sets of cookies. 
How many cookies are in each of these sets?

The quantity, or total number of objects, in both 
situations is known. After this, the situations differ. 
In situation 1, we know how many objects each part 
has, but in situation 2, we know the number of equal 
parts needed. Hence, the unknown components 
of the two situations are different, and role play-
ing with the models will require different actions. 
Both situations use the same three components: 
total number of objects, number of equivalent sets  
created, and number of objects in each equivalent 
set. This information is summarized in table 1, 
where yes indicates what we know.

Although the multiplication language of mul-
tiplier, multiplicand, and product has essentially 
been replaced with factor, factor, and product, 
the division terms divisor, dividend, and quotient 
remain in many textbooks. To help students make 
the connections between old and new vocabulary, 
we could use factor, missing factor, and product 
for division: 

divisor dividend    or    factor product
quotient

) )
missing factor

If the language of division is related to the 
information in the table, then for any division exer-
cise, the total number of objects is the dividend or 
product. The number of sets is the divisor or factor, 
which makes the number in each set the quotient; 
or the number in each set is the divisor or fac-
tor, which makes the number of sets the quotient. 
Consider the following division exercise, which 
includes no context:

5 135)

If we focus our attention on the results of this 
computation, we can ask two possible questions, 
being sure that we do not overlook place value in 
the answers: 

Most primary mathematics programs in-
clude grouping activities involving condi-
tions other than creating groups of tens.

Choose one of these problems to complete:
1. Draw three nonoverlapping loops around 

the hearts so that each loop contains the 
same number of hearts.

2. Draw loops that do not overlap around  
sets of hearts so that each loop contains 
four hearts. 

3. Can the hearts be shared equally among 
three children?

4. Can the hearts be shared equally among 
five children?

Figure 1
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Situation 1: How many groups of 5 are there in 135?
 
Situation 2: How many objects are there per group 
when we separate 135 into 5 equivalent groups? 

The next section provides sample questions that 
teachers can use while working toward students’ 
conceptual understanding. After each question is 
an example of the type of information teachers 
should strive to obtain from students. Students’ 
background knowledge may require that teachers 
ask additional probing questions in order for stu-
dents to demonstrate the desirable thinking. 

Conceptual Understanding
Working with situation 1 (a measurement model), 
the following exchange would be appropriate:

Teacher: Can 100 groups of 5 be created from 135 
objects?
Student: No, that would require 500 objects. 
Teacher: What does this mean with regard to the 
answer?
Student: The quotient will have no digit in the hun-
dreds position.
Teacher: Can you get 10 groups of 5 when you have 
135 objects?
Student: Yes, you need 50 objects to get 10 groups 
of 5, and 135 is more than 50 objects. There could 
be another 10 groups of 5. A total of 20 groups of 5 
can be formed using 100 of the 135 objects.
Teacher: Could you create 30 groups of 5?
Student: No, that would require 150 objects.
Teacher: Good. What digit will we place in the tens 
position of the answer?
Student: Put a 2 in the tens position.

Now we must symbolically record the discus-
sion as it relates to the algorithm. We represent the 
idea that 100 of the 135 objects have been placed in 
groups of 5 each and turn our attention to the objects 
not placed into groups of 5. After 100 objects have 
been placed into groups of 5, 35 objects remain:

2
5 135

100
35

)

Teacher: What can we do with the 35 objects 
that remain?
Student: We can place them into 7 groups of 5.

Teacher: How will we show this in the algorithm?
Student: The units place will have a 7 to denote the 
7 groups of 5.

So, we created 27 groups of 5 from 135 objects:

27
5 135

100
35
35

)

Have your students repeat the meaning of the 
answer in relation to the computation; that is, 
“There are 27 groups of 5 in 135 objects.”

Considering the same exercise from the inter-
pretation of the second (partitive) situation, 
the set of questions below would be 
appropriate:

Teacher: How many hundreds can 
we place in each of the 5 sets?
Student: None, because that 
would require 5 hundreds and 
there is only 1 hundred.
Teacher: How many tens can 
we place in each of the 5 sets?
Student: We can place 2 tens 
in each of the 5 sets. This will 
use 10 of the 13 tens in the 
dividend. 
Teacher: What will we do with the 3 
remaining tens?
Student: We rename the 3 remaining tens 
as 30 ones, making 35 total ones to share 
equally among 5 sets:

2
5 135

100
35

)

Teacher: How many ones will each of the 5 sets have?

Total Number of Objects and Sets

Total No. of 
Objects

No. of Sets No. in Each Set

Situation 1 Yes ? Yes

Situation 2 Yes Yes ?

Table 1
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Student: There will be 7 ones for each of the 5 sets:

27
5 135

100
35
35

)

Regardless of which concept of divi-
sion we use, focusing students’ attention 
on the place values in the quotient and 
on their number sense can prove use-

ful in any division exercise. Such focus 
also strengthens the student’s estimation 

skills and ability to determine an answer’s 
reasonableness—effective skills when using 

technology to solve division problems. 
Now consider the following exercise: 

Will the quotient of 17 10,353)  have a nonzero 
entry in the ten-thousands position or in the 
thousands position?

Students who reason as demonstrated above 
should respond with a no and support their response 
by explaining that placing a 1 in the ten-thousands 
place requires 17 ten-thousands in the dividend, or 
170,000; but the dividend has only 1 ten-thousands. 
Likewise, placing a 1 in the one-thousands place 
requires 17 thousands in the dividend, or 17,000; 
but the dividend has only 10 thousands: 

17 10,353)

Using a sidebar chart (see fig. 2) is extremely 
helpful when tackling a division problem. Discuss-
ing how to construct the chart and how to use it to 
get the place-value digits of the quotient reinforces 
place value and number sense and makes determin-
ing the digits in the quotient more than guesswork; 
the digits’ positions are clearly identified. As we 
determine successive place-value digits, we use 
the same chart but drop a zero from the right of the 
result and adjust the place-value label:

Teacher: Will there be a nonzero digit in the hun-
dreds position of the quotient?
Student: Yes! The dividend has 103 hundreds, 
or 10,300 in it. Looking at the chart, 6 hundreds 
would require 10,200. So, the digit in the hundreds 
position is 6. This leaves 1 hundred remaining, not 
enough for another hundred, which requires 1700:

6
17 10,353

10,200
)

Teacher: What becomes of the 100 that remains?
Student: The 1 hundred will be renamed as tens, 
and the exercise has 15 tens remaining.
Teacher: What digit goes in the quotient’s tens position?
Student: By looking at the chart, we can see that a 1 
in the tens position requires 17 tens, or 170. So, we 
record a zero to show that no tens can be recorded 
in the quotient. We rename the 15 tens as 150 ones 
along with the 3 ones, yielding 153 ones:

60
17 10,353

10,200
153

)

Teacher: What digits go in the ones position? 
Student: Referring back to the chart, a 6 in the ones 
position requires 102 ones. An 8 requires 102 plus 
34, or 136.  It requires more than 8 but less than 10, 

Charts help students understand division 
problems.

17 10,353)

6
17 10,353

10,200
)

60
17 10,353

10,200
153

)

609
17 10,353

10,200
153
153

)

1 ten-thousand  is  170,000
2 ten-thousands is  340,000
4 ten-thousands is  680,000
6 ten-thousands is  1,020,000

1 hundred  is  1,700
2 hundreds is  3,400
4 hundreds is  6,800
6 hundreds is  10,200

1 ten  is   170
2 tens is  340
4 tens is  680
6 tens is  1,020

1 one  is  17
2 ones is  34
4 ones is  68
6 ones is  102

Figure 2
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so it must be 9. A 9 in the ones position requires 136 
plus 17, or 153 ones:

609
17 10,353

10,200
153
153

)

Reflection
Regardless of whether division questions are struc-
tured to reflect the measurement or partitive model, 
approaching questions in this manner builds on 
and reinforces students’ prior knowledge of num-
ber sense, place-value concept, multiples of ten, 
multiplication and division connections, the basic  
concept of division, and mental computational 
skills, each of which contributes to effective technol-
ogy use. Constructing and effectively using sidebar 
charts eliminates students’ need for the guess-and-
check strategy to identify partial quotients (missing 
factors) in division exercises. If students learn to 
use the 1, 2, and 4 multiples of the divisor (the given  

factor), they can easily construct all other single-
digit multiples using mental computations. The 
skills to compute mentally and construct mul-
tiples of 10 for place-value adjustments provide 
the power to master the division algorithm. Such 
knowledge is extremely useful when students must 
estimate computation results on their calculators.
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