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ABSTRACT. This paper provides a microanalysis of one Algebra I teacher’s instruction to
explore the advantages that are afforded us by coordinating two perspectives to document
and account for the teacher’s mathematical understandings. We use constructs associated
with Stein, Grover and Henningsen’s domain of mathematical didactics and Realistic Math-
ematics Education’s instructional design theory to infer what the teacher might understand
to effectively implement her instructional goals and, more importantly, support student
learning. By coordinating these perspectives, we developed a working framework for ana-
lyzing the teacher’s classroom practice retrospectively. For example, we illustrate how the
mathematical possibilities related to one student’s question might inform the teacher’s de-
cisions as she initiates shifts in students’ self-generated models. Additionally, we illustrate
how the teacher’s decision to capitalize on particular students’ models contributes in part
to the kinds of mathematical ideas that can be explored and the connections students can
make among those ideas. More generally, we explore the utility of coordinating these two
perspectives to understand the landscape of ideas that teachers might traverse to align their
practices with reform recommendations in the United States.
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1. INTRODUCTION

Imagine a classroom in which students are working with geoboards the day
slope is formally introduced. The teacher, through a whole-class discussion,
guides the students to define slope as they create geoboard ‘lines.’ After
arriving at the ‘rise over run’ definition, the teacher asks students to deter-
mine slopes for other lines using a coordinate plane. As students share their
thinking, one student asks if she can just count one unit down from the line
and then over to the line or must she always count the rise and run along the
axes, starting and ending at the intercepts. How might the teacher interpret
this question mathematically? Which, if any, of the emerging mathematical
ideas might the teacher develop with her students? How might the under-
lying mathematical ideas that relate to this student’s question ‘fit’ with the
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teacher’s overall plan? To what extent does the teacher’s response reflect
the different mathematical ideas that she might need to understand?

These are some of the questions that we asked as we explored the pos-
sibility of understanding the mathematical knowledge that teachers must
“have and use” when teaching mathematics for understanding. Following
Ball et al. (2001), we move beyond previous research programs that focus
on teachers’ professional characteristics (e.g., the number of mathematics
courses taken) and particular mathematical content those teachers might
know per se. As Ball et al. argue, these important lines of work describe
what teachers know but do not address the mathematical knowledge that
teachers “call up” as they teach. Although these research programs are
important, they are not “studies of knowing in teaching” (p. 450).

Other researchers have also begun to undertake the difficult challenge
of articulating the mathematical knowledge that teachers must draw upon
when teaching for understanding (e.g., Bass, 2005; Heaton, 2000; Lampert,
1989; Yackel, 2002). Yackel, for instance, argues that because a teacher
recognized the mathematics a first-grade student used to explain why one
part of a cookie was larger than the other part, she could facilitate the
student’s mathematical argument about intuitive notions of area. These
new research efforts offer promise in helping teachers and teacher educators
alike grapple with the complex knowledge base that teachers must draw
upon to teach well.

How might we investigate the mathematical knowledge that teachers
draw from to support students’ developing mathematical understandings?
We address this question by providing a microanalysis of one Algebra I
teacher’s instruction. As we analyze episodes from the first of a series of
lessons, we attempt to identify those mathematical understandings that the
teacher might draw on to support her students’ understanding of slope.
Following Cavey and Berenson (2005), we refer to these understandings
as mathematics teaching understanding (cf. Bass, 2005). As Cavey and
Berenson argue, this type of understanding is knowledge that the teacher
enacts as she makes decisions about the mathematical learning of others.
In particular, as we consider this teacher’s enacted practice, we explore the
possibility of identifying those mathematical understandings that a teacher
might call up as she uses different teaching strategies, facilitates discussions
about mathematics, highlights different mathematical ideas to support her
students’ learning, and so on. In doing so, we make inferences about the
range of mathematical ideas that this teacher might draw on to facilitate
her students’ understanding.

A second but equally important goal of our discussion is to explore
the possibility of coordinating analyses using two different perspectives to
understand the teacher’s mathematical teaching understanding. We drew
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from two perspectives to coordinate our interpretations, namely the domain
of mathematical didactics (Stein et al., 1996) and the instructional design
theory of Realistic Mathematics Education (Freudenthal, 1973; Gravemei-
jer, 1994) [RME]. With regard to mathematical didactics, we conduct a
thought experiment to consider the mathematical ideas that a teacher might
consider as she supports her students’ understandings of slopes of lines.
This type of analysis is a priori; it precedes and informs our analysis of the
actual lesson. We then coordinate this preliminary analysis with a micro-
analysis of the lesson using constructs associated with RME. In a sense, the
preliminary analysis provides a methodological context for understanding
the actual events that unfolded during a particular lesson.

In retrospect, this type of analysis is similar to Simon’s (1994) mathe-
matics teaching cycle. Simon, the teacher-researcher, described his practice
as a continual process of cycling through making decisions about the tasks,
students’ learning, the underpinning mathematical ideas, his own learning
and so on. Our analysis takes a similar approach; however, we focus exclu-
sively on the mathematics the classroom teacher called up as she enacted
her instructional goals. In addition, our vantage point is that of peering into
the teacher’s instructional practice from the outside.

Using this approach, we infer the teacher’s mathematics teaching under-
standing as she implemented her instructional goals and, more importantly,
supported her students’ mathematical learning. In addition, we consider if
conducting such analyses can lead to the development of a deeper under-
standing of the teacher’s practice against the backdrop of developing a
framework for doing so.

2. INTERPRETATIVE FRAMEWORK

With regard to the mathematical didactics perspective, we draw on the work
of Stein et al. (1996) to consider the underlying mathematical understanding
the teacher needs as she selects and implements cognitively demanding
mathematics tasks. To accomplish this, we conduct a thought experiment
about different mathematical ideas that the teacher might explore as she
capitalizes on one student’s question.

With regard to the instructional design perspective, we draw on Grave-
meijer’s (1994) and Freudenthal’s (1973) work to elaborate the teacher’s
proactive role as she supports her students’ increasingly sophisticated math-
ematical activity. Here activity refers to the shifts in the way students
collectively interpret and represent their ideas and not their individual
understandings per se. Before we present our analyses of the whole-
class discussion, we first discuss the tenets associated with each of these
perspectives.
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2.1. Cognitively demanding tasks: A mathematical didactics perspective

Stein et al. (1996) investigated how teachers introduced instructional tasks
and the extent to which these tasks aligned with the teacher’s initial intent
throughout the lesson. One of the many findings that they reported is that
high-level expectations persisted in classrooms where the teacher strongly
encouraged students to explain their ideas, where teachers and students
supported each others’ ideas, and either the teacher or students offered
examples that were deemed mathematically challenging. (cf., Cobb and
Bowers, 1999; Stephan and Rasmussen, 2002; Whitenack and Knipping,
2002).

Of course, it is quite challenging for teachers to provide cognitively de-
manding tasks (cf., Stein et al., 1996). In particular, it requires the teacher
to recognize those student contributions that might lead to important math-
ematical insights and maintain high-level expectations (i.e. maintaining
high expectations for student explanations, sense making, etc.). Further-
more, the extent to which the teacher chooses and guides the completion
of tasks is ‘bound’ by her understanding of her students’ mathematical un-
derstandings, the mathematics she hopes to highlight, possible pedagogical
strategies she may use, and many other factors.

Using cognitively demanding tasks as a backdrop, we use a particu-
lar student’s contribution as an entry point to explore three hypothetical
trajectories that the teacher might draw upon in response to the student’s
contribution. As we do so, we make conjectures about the teacher’s math-
ematics teaching understanding.

2.2. Realistic mathematics education: An instructional design
perspective

Realistic Mathematics Education [RME] is a domain specific instructional
design approach developed and elaborated by mathematics educators in
The Netherlands such as Hans Freudenthal, Koeno Gravemeijer, Leen
Streefland, and Adrian Treffers. Gravemeijer’s (1994) and Freudenthal’s
(1973) work is of particular relevance to our discussion. They elaborate
three heuristics that guide the developer as she designs mathematical tasks:
the reinvention principle, didactical phenomenology, and emergent models.
The reinvention principle entails developing a series of tasks that align with
how particular mathematical ideas have been constructed historically. Two
aspects guide the developer’s intentions. On one hand, the developer con-
siders the potential learning trajectory, that is, the possible ways children
might reinvent these mathematical ideas. On the other hand, the developer
must anticipate how these ideas, which have their roots in the students’
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informal ways of reasoning, might become increasingly sophisticated and
eventually fit with more formal, conventional ways of reasoning mathe-
matically. Gravemeijer and Freudenthal argue that the second heuristic,
didactic phenomenology, is related to the first heuristic in that the devel-
oper identifies a particular sequence of instructional activities that support
the students’ development of mathematical ideas.

Interestingly, these two heuristics, which describe the developer’s ac-
tivity, might also describe in part the teacher’s activity as she plans for and
implements instruction. In fact, it may be possible to consider the teacher’s
decisions about certain tasks, how those tasks are developed in terms of
the students’ understandings, and so forth. As such, one of the goals might
be to determine if it is possible to describe the teacher’s understandings
against the backdrop of these guiding principles. That is, one might ask,
for instance, To what extent does the teacher understand how certain math-
ematical ideas were historically developed? or What conceptions does she
anticipate that the students might construct as a consequence of engaging
in these activities?

The second of these two heuristics, didactic phenomenology, was a par-
ticularly useful perspective to use as we identified the sequence of activities
that unfolded during the lesson. Because we do not know if the teacher’s
decisions were informed by her understanding of how these ideas were
historically developed, we are not able to understand her practice in terms
of the reinvention principle. In fact, we suspect that the teacher drew from
her personal experiences to develop these ideas. As such, as we interpret
the lesson using RME as our perspective in our discussion, we address the
sequence of tasks that evolved but we do not address the rationale for how
this particular sequence fits with how these ideas were historically devel-
oped. Instead, we draw on our thought experiment to contextualize our
analysis of the lesson. As we do so, we determine if it is possible to draw
parallels between one teacher’s instructional practice and her mathematics
teaching understanding.

With regard to the third heuristic, emergent models, the developer con-
siders how students develop ways to model problems that are couched in
the students’ informal activity from the outset. In addition, she considers
how these models might become increasingly sophisticated and eventu-
ally fit with more formal ways of representing, interpreting and reasoning
mathematically.

2.2.1. Four types of models
Gravemeijer (1994, 1999) distinguishes four levels of the students’ math-
ematical activity or models that emerge during instruction: activity in the
task setting, referential activity, general activity, and formal activity. A
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student who engages in activity in the task setting acts inside the situation
itself to develop interpretations and solutions. Often this type of activity
occurs in out-of-school settings. At the referential level, students develop
and reason with models in a particular problem context. The student in
effect is inside the realistic situation, and thus has a way to solve a prob-
lem or to develop sound ways to reason mathematically. In this sense, the
students’ models are models of the situation. At the next level, general
activity, students begin to reason and act with the model independent of
the problem-solving situation. The student uses the model to reason with,
and thus the model becomes a model for mathematical reasoning. At the
formal activity level, the student acts solely with mathematical ideas that
fit with more formal ways of reasoning and communicating. Moreover, the
students’ more formal activity is couched in their activity at the previous
levels. One might say that the students’ activity has a history, unique to the
particular classroom microculture.

As we consider the teacher’s role during the lesson, we attempt to iden-
tify the extent to which she supports the students’ mathematical activity.
We do so by tracing the shifts in the models that the students use and the
teacher’s role in facilitating possible shifts in their activity. By doing so,
we make inferences about those mathematics teaching understandings that
the teacher might draw on to advance different mathematical ideas during
the lesson.

3. METHODOLOGY

We collaborated with Ms. Lowe, a middle school teacher, to explore her
mathematics teaching understanding – the mathematically related knowl-
edge she enacted as she made decisions and implemented her lessons related
to slopes of lines. Preceding and following lessons, we debriefed with Ms.
Lowe about planning ideas and what happened during the lessons.

Ms. Lowe taught mathematics for students in grades 7 and 8 (11–12
years of age) in a public school that served all students in grades 6, 7 & 8
within the school district. The classes we observed were part of an Algebra
I course for students in grade 7 (an accelerated track). There were six stu-
dents in Ms. Lowe’s grade 7 Algebra I class. The school system in which
Ms. Lowe taught is located in a university town in the Eastern U.S. with a
growing immigrant population. The surrounding region is primarily agri-
cultural and about a two-hour drive from several large U.S. cities, including
Washington D.C.

Ms. Lowe would be considered a master teacher by any standard. She
was very active in various professional organizations, was a leader in her



MATHEMATICS TEACHING UNDERSTANDING 25

school and has taught university classes for middle school education ma-
jors. She had many years of experience, was interested in studying her
own teaching, and had a deep understanding of how students best learn
mathematics. She valued her students’ ideas, often highlighted and built on
students’ ideas during instruction, and more generally, frequently engaged
her students in problem solving to explore mathematical ideas. Addition-
ally, the Algebra I students seemed very comfortable explaining their ideas,
posing questions, and engaging in discussions with their classmates as well
as Ms. Lowe.

The data corpus included video recordings of daily lessons and de-
briefing sessions, samples of student work, transcriptions of the lessons
and field notes of the classroom observations. Here we use excerpts from
the lesson transcripts from the first day Ms. Lowe addressed the concept
of slope in her seventh-grade Algebra I class to develop our interpretive
stance.

With regard to the hypothetical trajectories, we categorized the mathe-
matical tasks into three main categories. By doing so, we identified those
student questions that Ms. Lowe capitalized on during the lesson. From
this set of questions, we chose one that we found particularly signifi-
cant, a question that served as an entry point for us to explore the range
of mathematical ideas that Ms. Lowe might draw on to facilitate stu-
dents’ understandings. To analyze the transcripts, we conducted a line-
by-line analysis of transcriptions of the lesson using the constructs as-
sociated with each perspective. Using constructs associated with RME,
we traced the students’ activity and Ms. Lowe’s role in facilitating pos-
sible collective shifts in how they represented and interpreted their ideas.
Using ideas developed through our thought experiment as a backdrop,
we inferred those ideas that she drew on to meet her instructional goals.
RME’s constructs associated with student-generated models were particu-
larly useful in helping us reconstruct aspects of her mathematics teaching
understanding.

4. ANALYSES OF THE WHOLE CLASS DISCUSSION

We begin our analysis by engaging in a thought experiment centered around
one student’s, Kara’s, question that was particularly mathematically sig-
nificant. We use Kara’s question to highlight the potentially significant
mathematical ideas that Ms. Lowe might draw on to address this student’s
question. By doing this, we identified the mathematics that could have
emerged as the students participated in this task.
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4.1. The mathematical didactics perspective: A thought experiement

To conduct analyses using this perspective, we developed a series of hy-
pothetical trajectories to contextualize Kara’s question. The path of each
trajectory is developed by considering how the teacher might have inter-
preted the mathematics that underpinned Kara’s question, which we assume
reflects, to some degree, Ms. Lowe’s understanding of the mathematics as
well as how she enacts that understanding (e.g., how she responds to the
student’s question). Before we address each trajectory, we describe the
tasks that were actually presented during the lesson.

4.1.1. Summary of the lesson
Ms. Lowe introduced slope using a contextual focus. By doing so, stu-
dents had opportunities to build ideas related to their own experiences of
snow skiing, snowboarding, sledding, etc. As the students engaged in these
mathematical tasks, they explored an informal notion for slope. To this
end, each student worked with his or her geoboard to create pictures of ski
slopes by stretching rubber bands across certain pegs on their geoboard.
Students created a ‘beginner,’ ‘expert,’ and then an ‘amateur’ slope. Ms.
Lowe encouraged the students to compare and contrast their ski slopes with
those of their classmates for each type of ski slope.

As the lesson continued, Ms. Lowe and her students explored informal
ways to measure steepness. Ms. Lowe encouraged students to think about
measuring steepness of ski slopes (line segments) by considering the ver-
tical and horizontal change between two points on a line segment. As the
students considered an example via an overhead projector, they began to
refer to the bottom row of pegs as the ‘x-axis’ and the left column of pegs
as the ‘y-axis’ and to use the words, ‘rise’ and ‘run’ to indicate vertical
and horizontal lengths. The students then calculated the rise and run val-
ues for their own lines (their amateur slopes) by counting the vertical and
horizontal changes between the endpoints of their geoboard line segments.
As they did so, Ms. Lowe encouraged them to consider how their slopes
were the same or different using the language of rise and run.

During the final phase of the lesson, Ms. Lowe directed a discussion
about the ‘rise over run’ definition of slope using a coordinate plane. To
accomplish this ‘shift,’ she encouraged the students to think of other ways
to express ‘rise over run.’ (For example, one student suggested, “the change
in the y over the change in the x,” for which Ms. Lowe wrote in words and
then as a fraction as �y

�x .) As students continued calculating the slopes using
pairs of points, Ms. Lowe represented their ideas using first the coordinate
plane with grid lines and later switched to using a coordinate plane without
grid lines.
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Figure 1. Kara’s line segment that does not reach the bottom row of pegs (the ‘x-axis’).

4.1.2. Kara’s question
As Kara participated in the first geoboard task, she used rubber bands to
make a picture of an amateur ski slope (line segment) that started at the top
of the far left column of pegs and stretched to the middle of the far right
column. Subsequently, her line segment did not intersect with the bottom
row of pegs, which had previously been used by the students as the ‘x-axis’
(see Figure 1).

To compute the slope, she counted pegs where the rubber band (the ski
slope or line segment) intersected the horizontal and vertical axes. First
she counted the number of spaces between the top left corner (coordi-
nate) and the bottom left corner (the origin), to determine the rise, and
then she counted spaces from the origin over to the line, to determine the
run. Since the ski slope on her geoboard did not intersect the bottom row
of pegs, she borrowed a geoboard from a classmate and put the second
geoboard up against hers so that she could extend her segment down to
the ‘x-axis’. Her geoboards looked something like the figure below. (see
Figure 2)

After the class moved on to the change-in-y over change-in-x definition
for slope, Kara asked, “. . .Do you have to start from the origin or can you
just like go one down and see how many across it was?” In retrospect,
Kara’s question was particularly significant. It made it possible for Ms.
Lowe and her students to explore ideas associated with the notion that
slope is a measure of steepness that does not depend on which pairs of
points are used to determine the ratio of vertical to horizontal change. In
our discussion we refer to this notion as the independence factor. Next we
outline the 3 trajectories.

Figure 2. Kara’s extension of her line segment to reach the ‘x-axis’.
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Figure 3. Points selected to support students’ understanding of the ‘independence factor’.

4.1.3. Possible trajectory 1
What if Ms. Lowe thought about the independence factor as an equivalence
class of ratios generated from different points on a given line? Ms. Lowe
would understand that slope ratios for a particular line are equivalent, re-
gardless of which two points are used. As such, she might address Kara’s
question by asking the other students to use two geoboards to reconstruct
Kara’s line. (Students would probably put their rubber bands in the exact
same location on their boards.) Ms. Lowe might then ask students to com-
pute rise and run values for their lines (using different points), and then
to compare their results. Let us assume, for instance, that Ms. Lowe used
squares and triangles to identify two groups of points on her line at the
overhead projector (see Figure 3).

Students working with the points marked with triangles would count a
rise of 3 and a run of 6 to derive 3:6, whereas students working with the
points marked with squares would compute a 2–4 ratio. At this juncture,
Ms. Lowe might encourage the students to compare their results with the
4–8 ratio Kara determined earlier.

Once students realize that the ratios are equivalent they might determine
that it does not matter which two points on this line are used because each
ratio of rise over run is equivalent. Thus, they might conclude that the
answer to Kara’s question is, “No, you don’t have to always go down to
the origin before going over to the line.”

With regard to the teacher’s mathematics teaching understanding, as
Ms. Lowe capitalizes on this situation (i.e., Kara’s question), we infer that
she draws on her understanding of slope as an equivalence class of ratios; it
does not matter which pairs of points are chosen. Her decision to highlight
slope ratios suggests that she understands (perhaps intuitively) that slope
ratios for a given line belong to the same finite equivalence class.

4.1.4. Possible trajectory 2
What if Ms. Lowe pursues the independence factor by facilitating a dis-
cussion about similar right triangles? She might proceed as she did in
Trajectory 1 by asking students to make extended lines with their geoboards.
Once they have calculated their slopes, she might encourage students to
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Figure 4. Right triangle representations of slope.

explore connections between their slopes (rises and runs) and similar trian-
gles by asking them to create right triangles with their pairs of points (see
Figure 4).

Ms. Lowe would facilitate a discussion in which the students explore
the common features of these triangles and eventually conclude that each
pair of triangles is similar. As part of this discussion, Ms. Lowe would
likely highlight a student’s idea about the fact that no matter which two
points she chose, she would make a right triangle that was similar to those
made by others using Kara’s line.

By engaging in this discussion, students would address Kara’s ques-
tion. In this case, they would determine that by constructing similar right
triangles using any pair of points, one can determine the slope of the line.
Ms. Lowe’s decision to explore Kara’s question in this way points to her
understanding of the relationships between constructing a class of similar
triangles and the slope of the line.

4.1.5. Possible trajectory 3
We could elaborate a third trajectory, one that uses the notion of an equiva-
lent class of ratios like in the first two trajectories, but in a slightly different
way.1 However, in this scenario Ms. Lowe might prompt students to con-
struct different lines that are parallel to Kara’s line. By doing so, Ms. Lowe
and her students could explore the class of lines with equivalent slope val-
ues. As such, Ms. Lowe might direct her students’ attention to the fact
that a given point along with a fixed ratio of vertical to horizontal changes
between points is one way of determining a specific line. Furthermore,
Ms. Lowe and her students may argue that these fixed ratios of vertical to
horizontal changes are no more than what they have been calling the slope
of the line. They may use this reasoning to provide evidence that slope
actually determines the direction of a line.

Given this scenario, students might consider the idea that the direction
of a line (that is, the angle the line makes with a given horizontal) is
determined by its slope value. By thinking in terms of constructing parallel
line segments, students would be able to reason that any equivalent ratio of
vertical change to horizontal change will necessarily determine a parallel
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line. In addition, they might conclude that the answer to Kara’s question
is, “No, you don’t have to always go down to the origin before going over
to the line; you can use any two points on the line to determine the ratio of
the vertical change to the horizontal change, that is, the slope.”

Again, we infer that because Ms. Lowe highlighted the issue of paral-
lelism that she drew on her understanding of slope as an equivalence class
of ratios, in particular, her understanding of the direction or the angle the
line makes with any given horizontal.

4.1.6. Concluding remarks about the thought experiment
As the trajectories illustrate, thinking about slope as a measure of steepness
that is independent of where it is measured connects to ideas about equiva-
lent classes of ratios, similar triangles, parallel lines, and so on. Revisiting
these trajectories, we conclude that Ms. Lowe must have some level of
understanding of equivalence classes of ratios to address the mathematical
ideas inherent in Kara’s question. Kara’s question, “Does it matter which
points are used to determine the slope of a line?” is at the heart of the
independence factor. The answer is, “No,” but the approach to justifying
this claim depends on how Ms. Lowe understands this mathematical phe-
nomenon and on how she decides to support her students’ understanding.
Perhaps Ms. Lowe understands slope in all the ways described in the three
trajectories, connecting slope to equivalence classes of ratios, right trian-
gles and parallel lines. However, when faced with deciding which trajectory
she thinks is worthwhile to pursue, she may opt for one of many paths.

4.2. Coordinating realistic mathematics education and the trajectories
of mathematical understanding

In this section we consider the potential shifts that occurred in the students’
activity during the lesson as a backdrop to hypothesize Ms. Lowe’s mathe-
matics teaching understanding. To develop these hypotheses, we highlight
points during the lesson that may have contributed, in part, to how the
students shifted from using informal to more formal ways of calculating
the slopes of lines. As we address Ms. Lowe’s proactive role during this
process, we highlight how she elaborated the context and the various math-
ematical ideas as she supported her students’ activity. When appropriate,
we draw on comments that she made during the debriefing session after
the lesson to support our hypotheses. Once we address the students’ mod-
eling activity, we explore those mathematical ideas that Ms. Lowe might
have considered as she supported the students’ activity. To this end, we
refer to how Ms. Lowe might have considered ideas associated with each
of the trajectories as she made instructional decisions, guided the whole
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class discussions and anticipated how the students might reason with the
geoboards.

4.2.1. Advancing students’ modeling activity
Recall that Ms. Lowe introduced the slope of a line by providing oppor-
tunities for her students to explore intuitive notions of steepness as they
used their geoboards to make more or less difficult-to-ski slopes. Such
discussions were important because the students could draw on their own
understandings of skiing as they explored the notion of steepness. In fact,
during this part of the lesson, Ms. Lowe and her students frequently referred
to their own skiing experiences as they used their geoboards to represent
different ski slopes.

With regard to RME, when the students began to use the geoboards to
represent ski slopes, we see a possible shift in their activity from that of
reasoning about the task setting, that is, talking about skiing and related
issues, to using the geoboards as a model of the informal or realistic situa-
tion. As they worked with the geoboards, they began to represent ski slopes
of different degrees of difficulty or steepness. In addition, as they explained
their geoboard pictures, they began to describe their ski slopes (lines) in
terms of moving up and over (i.e., intuitive notions of rise and run). So, as
they described their ski slopes, they began to use more mathematical terms
to compare ski slopes. For this reason, we suggest that their activity was
referential in nature because they continued to refer to the ski slopes using
mathematical ideas, but they did so within the context of skiing.

This shift occurred early in the lesson as Ms. Lowe asked the students
to compare their geoboard pictures with those made by their classmates.
As students began to consider how their ski slopes were the same or differ-
ent, they began to use mathematical terms (e.g., congruent) to explain their
geoboard ski slopes. The following discussion, in fact, illustrates this pos-
sible shift. As we enter this discussion, note that Ms. Lowe is pursuing the
issue of congruency with several students as they discuss their geoboard ski
slopes; as she does so, she contributes in part to the new way the students
might reason about their ski slopes. (S is Student; T is Ms. Lowe).

S1: Mine’s the same, it’s just at a different place.

T: But how can you tell they’re the same? (Places S3’s and S4’s geoboards next to
each other so they are visible for all of the students to see.)

S5: Because they both go up two and over right. And then the hypotenuse is
determined by the thingamabobers.

T: You used a lot of big words there, today.

S5: The thingamabobers.
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T: Wait. . ..Something about up two. Where’s up two (to S3)?

S3: (Points to the three pegs that are the height of the slope on her geoboard that
Ms. Lowe is holding).

T: I see three. . .pegs.

S1: Spaces.

T: Oh, up two spaces.

S1: Yeah.

T: Ah, I like that.

S4: (Points and moves her hand across the bottom row of pegs on the geoboard)
And over four spaces.

T: Oh, so now we can sort of judge that that,..(Moves the geoboards so that S4’s ski
slope partially covers S3’s ski slope.) Oh. . .I think you’re right; that is the same.

As the discussion continued, Ms. Lowe asked if other students had made
ski slopes with the same rise as S3’s and S4’s ski slopes. We reenter the
discussion as she prompted the students to compare S1’s ski slope with that
of S4. S1 had the same ski slope showing on her geoboard, but hers was in
a different position (see Figure 5).

T: Does anyone else have an up two, over [four]? (Looks over at S1’s geoboard,
returns S3’s geoboard but continues to hold S4’s geoboard as she walks over to
S1’s desk.) Well how come hers isn’t the same as yours then? (Displays S1’s and
S4’s geoboards side by side for all the students to see.) (see Figure 5).

S1: It is, It’s just in a different place.

S4: It is.

T: Oh. (Moves S4’s geoboard so that both figures on the geoboards are side by
side, see Figure 6).

As the discussion ensued, Ms. Lowe asked the students how they might
determine if the ski slopes were the same. Student 5 responded by indicating
that both ski “slopes went up two and over.” In response to Student 5’s

Figure 5. S1’s geoboard is displayed with S4’s geoboard.
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Figure 6. S1’s geoboard ski slope is juxtaposed with S4’s geoboard slope showing on her
geoboard.

comment, Ms. Lowe restated Student 5’s ideas and asked if some of the
other students could show how one might count the spaces. By the end of
this episode, Ms. Lowe and her students began to describe and compare the
ski slopes that they made by counting the number of spaces, in particular by
counting the spaces up along the vertical axis and over along the horizontal
axis. To determine if the ski slopes were the same, they began to use
notions associated with calculating the rise and run to describe the ski
slopes in question. It is for this reason that we suggest that the ski slopes
that the students made and reasoned about were models of the realistic
situation. As students engaged in discussions such as the one above, they
had opportunities to reason about their ski slopes in new ways. In RME
terms, the students had opportunities to engage in referential activity.

Ms. Lowe continued to pursue the issue of congruency during both of
these episodes. As she did so, she may have drawn on notions associated
with each of the three trajectories. However there is some indication that
she might have drawn on notions that were associated more closely with
trajectory 2 or trajectory 3. We consider at least two situations that occurred
during the episode that could provide evidence that she drew on ideas using
trajectories 2 and 3. The first incident occurred as the students spoke about
counting to explain why S3’s and S4’s geoboards were the same. After Ms.
Lowe highlighted the students’ ideas, she returned to comments made by
S5. Recall that S5 used some “very big words” to describe S3’s and S4’s ski
slopes. After pursuing the issue of counting spaces (up and over) she cov-
ered one geoboard with the other geoboard so that students might see that
these two figures were indeed congruent because they could be transposed.
To proceed as she did, she might have drawn on her understanding of how
one could determine, albeit informally, if two right triangles were congru-
ent. Of course if two triangles are congruent, they are necessarily similar.
To address the issue of similar right triangles, she might have anticipated
how she would facilitate a discussion about similarity if students made
smaller or larger versions of the same ski slope, ski slopes whose slope
lengths were proportional. (Note that aspects of trajectory 1 are implicit,
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in this case.) By doing so, Ms. Lowe would exploit ideas associated with
trajectory 2 to frame her instructional decisions. One can envision how she
might need to draw on ideas related to congruency and similarity as she
exploited the context to facilitate students’ understanding of steepness.

To make a case for how she might draw on ideas related to trajectory
3, we revisit the last part of the episode when she juxtaposed S1’s and
S4’s ski slopes. Recall that these two ski slopes were translations of one
another, if one assumes that the left side of the geoboard is the y-axis
and the bottom side of the geoboards is the x-axis. Here, Ms. Lowe may
have drawn on this fact as she capitalized on the students’ comments when
they determined if these two ski slopes were congruent. Note that as she
highlighted the students’ comments about the fact that these were the same
ski slopes, she intentionally moved one of the geoboards so that the figures
were side by side. By doing so, she physically maneuvered the boards
to illustrate that these two ski slopes were indeed the same. Her decision
to ask the students to compare (and contrast) S1’s geoboard with S4’s is
further evidence that she may have drawn on her understandings of notions
associated with classes of parallel lines to support students’ understanding
of slope. Regardless of which ideas she drew on to inform her instruction,
understanding ideas associated with each might allow her to fully exploit
the context of difficult-to-ski slopes.

As an aside, we note that if in fact Ms. Lowe drew on aspects of both of
these trajectories, we become increasingly aware of the complexities asso-
ciated with teaching mathematics for understanding. As we have illustrated
in the above analysis, ideas that are related to either trajectory appeared
to co-occur during the lesson. Furthermore, Ms. Lowe may have moved
interchangeably from trajectory to trajectory to support students’ model-
ing activity. If we take into account that ideas related to each of the three
trajectories may have informed Ms. Lowe’s instructional decisions during
the first 6 minutes of this lesson, we begin to feel the full effect of these
complexities. Attempting to capture the teacher’s mathematics teaching
understanding, thus, becomes a taxing task. However, if we wish to sup-
port teachers in their practice as well as advocate for how others might
support professional development initiatives that address the mathematical
understandings teachers need, analyses such as the one we conduct here
are but a first step in helping us understand the challenges we, as teacher
educators, might necessarily need to address.

As the lesson proceeded, Ms. Lowe and her students began to refer to the
left side of the geoboard as the y-axis and the bottom side of the geoboard
as the x-axis. Essentially, the geoboard became a substitute for working in
Quadrant I of the Cartesian coordinate grid. As students made ski slopes,
they calculated the slopes of their ‘simple ski slopes’ by counting along the
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Figure 7. The line graph that Ms. Lowe drew using the Cartesian Coordinate grid to address
Kara’s question.

axes from the origin to determine the rise and the run of their ski slopes.
By describing their ski slopes in terms of rise and run, they continued to
consider whether or not their slopes were more or less steep. Because they
continued to reason about the ski slopes in relation to their geoboards, their
activity might again be characterized as referential.

Not surprisingly, there was the potential for a marked shift in students’
activity when they considered more general notions related to calculating
the slopes of lines. This potential shift was made possible by tandem events.
First, S1, (also known as Kara in Section 4.1 of this paper) asked the ques-
tion, “Do you always have to start at the origin?” Second, as Kara repeated
her question, at Ms. Lowe’s request, Ms. Lowe immediately replaced the
overhead geoboard with a coordinate grid (showing all four quadrants) on
the overhead projector so that it was visible for all the students to see. It is
at this juncture that we realize that Ms. Lowe has chosen to capitalize on
Kara’s question. She then drew a line that passed through the points (0,4)
and (5,0) and labeled the two intercepts (see Figure 7). By introducing the
coordinate grid, she and her students began to determine the rise and run by
counting the spaces on the coordinate grid. In fact, as the lesson proceeded,
Ms. Lowe and the students continued to use the coordinate grid to calculate
the slope of a line.

As students began to use the coordinate grid, their activity shifted from
that of using their models to reason within the problem situation to that of
reasoning with the Cartesian coordinate grid as they explored mathematical
ideas. That is, we might characterize their activity as of the general kind.
To illustrate the possible shift in the students’ activity, we return to the
discussion as Ms. Lowe continued to address Kara’s important question.
As she did so, she and her students explored the possibility of using points,
other than the intercepts, to calculate the slope. We reenter the discussion
as Ms. Lowe referred to the line passing through (0,4) and (5,0) that she
has visible on the overhead grid. She then pursued a second question asked
by S3 about choosing another point not on the y-axis.
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Figure 8. Ms. Lowe’s graph with the new point (−5,8) included.

T: Okay. (Points at the two points on the line she has drawn.) We’re going to start
at this point (0,4) and we’re going to slide down the hill until we get to this point
(5,0) (see Figure 7).

S3: But the point is always on the y-axis.

T: It doesn’t have to be. Let’s pick one that’s not (marks a new pair, −5,8.) (see
Figure 8)

S3: I’m confused.

T: Okay. Let’s pick that point [points to the new point, (−5,8)].

S3: So then how do you count?

T: Could I slide down the hill from this point to this point [points to the pairs,
(−5,8) and (0,4)]?

S1: Yeah.

Ms. Lowe then prompts students to count to determine the rise for (−5,8)
and (0,4),

T: Okay. What change do I have to count first?

S1: Rise.

T: The rise. So, what axis is that?

S1: Y.

T: Y. Okay. Here we go. Count with me. Hello.

All: (In unison) 1, 2, 3, 4

T: Keep going.

Ss: 5, 6, 7, 8.
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T: Oh, I stopped. I only want to go to that point [points to the point, (0,4)]. Maybe
I should know where I have to stop [places a pencil parallel to the x-axis that
intersects the point, (0,4)].

S1: Yeah.

T: Let’s count again.

All: 1, 2, 3, 4.

By choosing this new point (−5,8), she provided opportunities for the
students to calculate slope using points that were not always located on the
axes. As a consequence of doing so, Kara, and possibly some of the other
students, may have begun to develop new understandings about how one
might calculate the slope. For this reason, at least during this discussion,
the students did not appear to rely on the context of ski slopes to determine
the steepness of the line in question.

What mathematical ideas might Ms. Lowe have drawn on as she facil-
itated a discussion around Kara’s and S3’s questions? As she highlighted
the students’ ideas, she might have drawn on notions associated with tra-
jectory 1 or trajectory 2. If we suppose that she drew on ideas associated
with trajectory 1, she might understand that regardless of which points one
chose, the slopes one calculates belong to the same equivalence class of
ratios. There are two instances during this exchange that provide additional
support for this claim. First, her response to S3’s comment is particularly
important. By choosing a new point that was not an intercept, she may have
drawn on notions associated with equivalent ratios as she addressed S3’s
comment. A second more subtle issue relates to her choice of coordinates
for this new point. One could argue that she might have intentionally cho-
sen friendly, ordered pairs so that notions associated with equivalent ratios
or proportionality might surface. One might make a similar argument for
why she chose the intercepts from the outset of this exchange. Although
we cannot be certain what ideas she might have drawn on, there is some
evidence that her instructional decisions were couched in notions associ-
ated with equivalency. As a result, by the end of the exchange, Ms. Lowe
and her students determined that, in fact, they had derived the same slope
value for the line using at least one pair of coordinates from the same line
that did not intercept the axis.

We could also make an argument that Ms. Lowe drew on understandings
associated with trajectory 2. One might surmise, for instance, that because
she chose to work with ordered pairs that created two congruent triangles,
she might have drawn on ideas related to congruent and similar right trian-
gles as she facilitated this discussion. Of course, had she asked the students
to consider the relationships among the two congruent triangles and the
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larger triangle formed by the pairs (−5,8), (−5,0) and (0,5), we would
have ample evidence to support this hypothesis. At this juncture, either
trajectory might have informed her instructional decisions.

As we consider our last episode, which occurred towards the end of
the lesson, we explore the possibility of clarifying which of these two
trajectories she mostly likely drew on during this part of the lesson. We
reenter the discussion as Ms. Lowe continued to address the issue as to
whether or not it mattered which points one might choose to calculate the
slope of a line.

T: Do you agree that this would be the slope from any point to another point? That
we would get the same thing no matter what points, two points we picked?

S4: Yeah, but your two points were at an equal distance away. Couldn’t you pick
two points that were closer?

T: I wonder if we could find the distance from this point all the way to this point?
[Circles the point (−5, 8) and then the point, (5, 0)]

Kara: Or closer?

S4: But what about closer because then your numbers are going to be smaller than
four-fifths and if they’re bigger, you can reduce them.

As the discussion continued, Ms. Lowe stated that it was possible to pick
any point, but it would be less complicated if one chose not to work
with “all those fractions” (i.e. friendly numbers). S4 again continued her
point.

S4: It would be equivalent.

T: It would be what?

S: Equivalent.

T: Oh, correct. Like 8 tenths. . .

S3: So, do?

T: or 16...?

S3: But, if it is smaller than [four-fifths], how would it work?

T: It’s just the same name. It’s just a different name for the same amount. . .

This, our final excerpt, illustrates that the students’ activity continued to
shift as they discussed various coordinates on a given line. Here, as they used
the coordinate grid to calculate the slope for the line in question, they began
to address notions associated with equivalent relationships between various
ordered pairs. No longer did they speak of steepness of ski slopes. Instead,



MATHEMATICS TEACHING UNDERSTANDING 39

they addressed more general notions that were seemingly independent of
the context at hand. S4’s and Kara’s comments about choosing points that
were closer together illustrate this claim nicely.

As we consider the instructional decisions Ms. Lowe made during this
final excerpt, again we make the case that she might have framed her
instructional decisions by considering ideas related to either trajectory 1
or trajectory 2. However, we suspect that she drew on ideas more closely
associated with trajectory 1. To support this claim, we recall that as the
discussion ensued, Ms. Lowe first questioned whether she could use the
pairs (−5,8) and (0,5) to calculate a slope of four fifths.2 In response
to S4’s and Kara’s comments following this question, she mentioned that
eight tenths would be equivalent. So, at least at this point during the lesson,
we suspect that Ms. Lowe drew on notions associated with equivalence
classes of ratios to frame her instructional decisions.

4.2.2. Concluding remarks about coordinating the lenses
Although we highlighted only a few examples that occurred during the
lesson, there are other, similar examples that we could have used to il-
lustrate the consistency with which Ms. Lowe advanced her instructional
agenda. Each example in it’s own right points to not only the complexi-
ties associated with teaching mathematics for understanding, but also the
challenges a teacher must encounter to do so. Here we view challenges as
those instances during teaching that are points of decision. These points
of decision can lead to advances in the mathematics that is being con-
sidered during the lesson as well as how students might construct those
mathematical ideas. By interpreting the lesson using constructs associated
with RME, we have highlighted one teacher’s challenge to forward the
mathematics that is couched initially in students’ informal, and later, more
formal mathematical activity. As we identify shifts in students’ activity, we
also develop an understanding of the range of ideas that the teacher might
draw on to advance those mathematical ideas she intends her students to
understand.

In our analyses, Kara’s question served as the link between the hypo-
thetical and the realized trajectory that emerged during the lesson. Kara’s
question was an important one that made it possible for the students to
make a shift in their mathematical activity. Ms. Lowe’s proactive role in
this process was particularly apparent. As she addressed Kara’s question,
Ms. Lowe introduced the Cartesian coordinate grid and posed tasks in
which students determined the slopes of a given line using this grid. As her
students did so, they explored related issues such as whether it was possible
to choose points closer, in particular, points that did not lie on the axes. As
such, we assume that Ms. Lowe’s focus was on the independence factor
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as related to different points on a given line determined by the equation
y = −4/5x + 4. Thus, we most closely align her practice with the first
trajectory.

5. FINAL REMARKS

In this paper, we conducted a retrospective analysis of episodes from one
lesson of Ms. Lowe’s grade 7 Algebra I class in an attempt to understand
Ms. Lowe’s mathematics teaching understanding. Specifically, the coor-
dinated analyses enabled us to develop a working hypothesis of the con-
ceptual terrain (Greeno, 1991) that Ms. Lowe traversed to teach slope for
understanding. For instance, in the above discussion, we have shown that
to teach slope for understanding, the teacher needed to navigate a multi-
surfaced terrain related to slope, to be able to access ideas related to slope
as an equivalence class of ratios within multiple contexts. We also showed
that the teacher needed to be able to flexibly traverse this terrain as she
supported her students’ understandings.

Following Greeno (1991), we find it useful to consider the conceptual
terrain the teacher might traverse instead of what she knows per se when
attempting to understand a teacher’s mathematics teaching understanding.
Greeno used an environment metaphor to build a theortical perspective on
what it means to have number sense in a given situation. Building on the
work from various fields (situated cognition, mental models, the develop-
ment of number sense, etc.) Greeno proposed that expertise in a mathe-
matical domain is like “knowing your way around in the environment and
knowing how to use its resources” (p. 175). Translating the metaphor to
teaching mathematics, we might think about expertise in teaching mathe-
matics as a matter of knowing one’s way around a mathematics teaching
understanding environment comprised of specific mathematical terrains,
learning terrains, curriculum terrains, etc. within a given teaching situa-
tion. As such, our work attempts to identify some of the regions of the
terrain a teacher might need to navigate to teach slope for understanding.
Specifically, we described aspects of the mathematical terrain that Ms.
Lowe visited as she responded to students’ questions and initiated shifts in
students’ mathematical activity.

Looking back at the anlyses we notice the flexibility in which Ms.
Lowe moved between different locations in the mathematical teaching un-
derstanding environment. In particular, she seemed to move from one tra-
jectory to another. For example, while pursuing issues of congruency early
in the lesson, Ms. Lowe appeared to access and make use of ideas related
to trajectories 2 & 3, whereas, when responding to Kara’s question, she
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accessed ideas more closely aligned with the first trajectory. Indeed, as Ms.
Lowe helped her students navigate the mathematical terrain of slope, she
seemed to visit ideas from all three trajectories, multiple forms of represen-
tation, etc. and in fact, seemed to do so seamlessly throughout the lesson.
As such, our work affords us a glimpse of the complexities associated with
teaching mathematics for understanding and certainly confirms the work of
others (Lampert, 1989; Ball, 1990; Heaton, 2000) who have also attempted
to describe such complexities.

From a methodological standpoint, our discussion illustrates the pos-
sibility of coordinating two very different perspectives to reflect on the
teacher’s mathematics teaching understanding and the process by which we,
as mathematics educators, might better understand those understandings.
As a consequence of exploring this possibility, we have developed a working
framework that draws from each perspective to analyze the teacher’s prac-
tice. Recall that our methodological approach initially involved analyzing
the data by using constructs associated with two perspectives (mathemati-
cal didactics and RME). Subsequently, we identified a particular student’s
question (Kara’s) that afforded us insight into the mathematics of the les-
son topic and led to the development of multiple trajectories to describe
the range of ideas the teacher might traverse as she attended to the stu-
dent’s question. This range of ideas provided us a working framework for
developing the initial hypothesis of the conceptual terrain that Ms. Lowe
traversed to teach slope for understanding. We then used the trajectories
as a mathematical context for reanalysing episodes from the lesson where
possible shifts in student activity occurred. By doing so, we were able to
refine our hypothesis to identify potential instances in which Ms. Lowe
moved flexibly among all trajectories.

However, this approach has left us with many questions about the terrain
the teacher traversed during this lesson, especially regarding her decisions
about ‘where to go’. The lack of the teacher’s voice in the analyses is
certainly a significant limitation to this study. However, at the time of the
post interview, we were not prepared to ask the kinds of questions that
we might pose now to further refine our working hypothesis. We might
argue that such a process has enabled us to develop a well-informed set
of questions for the teacher in light of the previous attempts to develop
our hypothesis. For example, on the day that this first lesson occurred,
we did not entirely appreciate the full effect, that is, the significance of
Kara’s question. As such, during the debriefing session, we did not ask
Ms. Lowe why she chose to capitalize on Kara’s question. As a conse-
quence of conducting this microanalysis, however, we would like to know
if this decision was made in an attempt to forward her agenda to move
beyond using the geoboards to respresent lines to a more conventional
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form of notation, or if she had some other intent. We contend that dialogue
between us and the teacher at this point will help answer this and other
questions that we have. As such, our next step in refining our working
framework is to ask the teacher to review the video with us and identify
aspects of those mathematical ideas that she may have drawn on, and so
on. By doing so, we might develop and refine our initial understandings
of the terrain she may have traversed during the lesson. We suspect that
this type of retrospective analysis will help us determine ‘where we might
go’ as we continue to explore the complexities of teaching mathematics for
understanding.

NOTES

1. Note that all three trajectories are based on the notion that slope of a line is a ratio, thereby
creating a common thread within each hypothetical trajectory. The different trajectories
come from thinking about the equivalence class of slope ratios within different contexts
(points on a given line, right triangles adjacent to a given line, or the set of lines parallel
to a given line).

2. Note that no consideration (by the students or the teacher) to the sign of the slope
value had been expressed during the lesson thus far. Rather, the students (along with
the teacher) discussed actual vertical and horizontal changes between points and not the
direction of those changes per se.
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