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Task analysis for  instruction and research has enjoyed the atten- 
tion o f  educationalists and psychologists for  some time and is now 
even more topical than ever. In the present paper some stress is pu t  
on the rational analysis o f  tasks and partial courses as used in curri- 
culum development and research on instruction, as well as on some 
basic conceptions on which such analysis can be founded. More often 
than not the structure o f  the subject matter to be taught has both do- 
minated these activities and the way to report on .them. Too often a 
didactical consensus on what is mathematical education is tacitly pre- 
supposed. Here an alternative to this conception is sketched, that is, 
the realistic rational analysis, illustrated by a f ew examples on frac- 
tions. Especially what regards their implication fo r  the macro- 
-structure o f  a partial curriculum. Due to this the structure o f  long 
term learning-processes plays a permanent tole in the way the exam- 
pies have been formulated. They have been developed in close colla- 
boration with my colleague A. Treffers. Situation models, which as 
cognitive process models are rooted in meaning[ul contexts, are nu- 
clear to the description. Two examples o f  such models ate described. 
Some recommendations complete the article. 

I n t r o d u c t i o n  a n d  O v e r v i e w  

The analysis of mathematical tasks has been of interest to educational psychologists 
for quite some time, now more than ever. This kind of analysis is conducted with varying 
intentions: 

- -  tracing clfildren's cognitive development; 
- -  formulating cognitive aims for education; 

determining hierarchies of learning or, in other words, deciding the gobal or macro- 
-structure of a (partial) curriculum; 

- -  designing diagnostic tools for the teacher. 

Piaget et al. (1948, 1966) analysed in this way the 'fair sharing' of plane figures as 
a source for fractions. 
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Their intention was to investigate young children's (from 2 yrs. and 10 mo.) concept 
of fractions. 

An analysis of a nurnber of aspects of the concept of  fractional equivalence was pu- 
blished by Greeno (1976). The fruits of his labour were three process models for the formu- 
lation of  cognitive airas for education. 

Davydov et al. (1969), Behr et al. (1983) and Lesh et al. (1983) regarded the matter 
of fractions in its entirely by dealing as well with the question of global structuring, that 
is, by making suggestions concerning its outline. 

Put yet another way, this was a question of  determining a hierarchy of  learning tasks, 
in which the curriculum for the arca concerned - -  in this case fractions - -  was analysed 
and laid out. 

The question is now, on the grounds of  which considerations - -  for instance, which 
(theoretical) sources - -  can one put together a partial curriculum for fractions, or any other 
arca of elementary mathematics, A central function is fulfilled in the response to the above- 
-mentioned question by the fruits of a rational process - -  or task analysis (Resnick & Ford, 
1981). 

What is the intention of  this kind of  analysis? It is the illumination of  the implicit 
structure of  the tasks within a curriculum in order to establish and fortify the learning hie- 
rarchies. These would then simplify the learning process and provide the potential of  passing 
to higher levels (Resnick & Ford, 1981). The assumptions or implicit theories as weU, which 
are the basis for mathematics programs, are exposed by this kind of  analysis. 

A rational task analysis which focuses on the process in connection with the fruits of  
an empiri~al analysis of problem-solving behaviour observed in children can cont¡ to 
the formation of a (new) psychological theory of  learning mathematics. 

The fruits of this kind of  analyses would not yet in themselves be considered 'as 
psychological theories, due to the shortcomings stemming from their rational character. 

However" 
y tools for instruction, they can be quite powerful. Almost anyone who understands 

the subject matter well and who has taken time to observe children performing the tasks 
involved can carry out rational task analysis. Two individuals' analyses may not agree in 
every detail, but the fact of  having carried them out ensures a basis for explicit discussion 
of  different hypotheses as to what goes on during computation or other mathematical per- 
formances.>> (Resnick & Ford, 1981, p. 63). 

What is at the disposal of  someone carrying out this kind of analysis? Well, he or 
she must understand the topic to be analysed very well. The analyses must be based on logic 
and intuition, taking into account and making use as m u c h a s  possible of the available 
knowledge and theories concerning children's 'mental processing capabilities~> (ibid., p. 58). 

We wonder if the optimista of  these authors concerning the differences in details (and 
not, therefore, along main lines) between rational analyses carried out by different persons 
is, indeed, justified. 

A good understanding of  the substance leaves said substance undisturbed. How is this 
regarded? Logic, intuition and available knowledge of children's mental capabilities are not 
in themselves a sufficient foundation for a rational process analysis. 

Thompson (1984) showed irrefutably that differences between teachers' basic concep- 
tions regarding mathematics and mathematics instruction led to visible differences in their 
way of  teaching. What is then the situation with those who expound their standpoint in a 
rational analysis? For instance, which logic is concerned? Or, in other words, which sources 
are consulted? Is the topic to be examined - -  in this case, fractions - -  incontrovertible? 
What  about the intuition of those carrying out the analysis? Does this also imply creativity, 
or someone's basic conceptions regarding mathematics, or implicit theory? 

If this is the case, that a rational analysis iUuminates the implicit theory of assumption 
which lŸ at the root of  a curriculum, then are these not j u s t a s  well the implicit theory or 
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assumption of those who carried out the analysis? What is the choice of  that particular 
(partial) curriculum for analysis otherwise based on? 

Upon analysing fractions with a (re)construction of  the course in mind, one can ask 
oneself, for instance: 

Should fractions be regarded a s a  closed mathematical system which must be made 
accessible to children, that is, its relations and operations developed with regard to insight? 
Is this to be achieved by representing fractions in various ways and describing the connec- 
tions with mathematical relatives such as proportion and, by means of  these, indicating the 
potential areas of  application in actual situations? 

Or, in other words, is the starting point of  such an analysis doing justice to the com- 
ponents of  a ,conceptual model�87 as defined by Lesh et al. (1983). 

Or, would it be possible to start from situations and contexts taken from reality - -  
for and of  children - -  to which, by a mathematisation process, an operational, that is, ap- 
plicable concept of  fractions is elicited, by letting the children take part in a constructive 
role? Reality then serves a s a  source for the production of fmctions a n d a s  ah atea of  appli- 
cation (Freudenthal, 1983; Streefland, 1984b; Treffers & Goffree, 1985). 

Is now the consequence of  this distinction that rational analysis done by various per- 
sons do indeed differ intrinsically and not simply in terms of discussable details? 

Let's take an cxample, namely, the order of operations. Those who choose the first, 
structuralistic approach will give priority in the global outline to addition above subtraction. 
This is because the former operation compels the latter to be its inverse in the mathematical 
system. 

Those who (also) wish to arrange the course according to a realistic approach will give 
priority to subtraction as being a natural result of comparing and ordering (problem) situa- 
tions which are brought about by fractions. These last can or will undergo the same opera- 
tions in tbeir turn. Addition, being less natural and less dynamic is then added later. 

Other examples, which show even more radical differences between rational analysis 
according to structuralistic versus realistic material, will follow later. 

In this article, the matter of  rational analysis will be observed more closely. After de- 
termining a standpoint in favour of  the realistic approach, certain basic traits wiU be discus- 
sed which characterize fractions in realistic mathematics education. 

As far as we find it desirable and relevant, we will indieate connections with recent 
literature and research results in this area. 

In closing we will make a few recommendations for the psychology of mathematics 
education with regard to long-term learning processes and the outlining of learning activities 
for these. 

Determining a Standpoint 

We follow a division of basic conceptions (or trends in mathematics education) accor- 
ding to Treffers & Goffree (1985). 

In order to sufficiently portray tlie realistic starting point, we place this opposite the 
structuralistic basic conception and illuminate more nuances within this division. 

The basic conceptions ate continually illustrated with regard to the topic with which 
this paper is concerned. 

The structuralistic ba8ic conception 

This view regards mathematics as cognitive attainment, as an ordered, closed, deduc- 
tire system. Ah important consequence for mathematics education is that the structure of 
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the system is one of the most important pillars on which the learning process is founded. 
The significance for fractions is that much emphasis is laid on the equivalence of fractions 
and on the operative links between equivalent fractions. That is, attention is focused on the 
manner in which a fraction is a part of an equivalence class and, due to the equivalency, 
can represent it at the same time. 

Because of the fact that an attempt at insight is of  primary importance in systemati- 
cally directed education, this means that the equivalence of fractions is not only regarded 
as a separate phenomenon, but first and foremost in conjunction with its application in the 
operations, in particular addition and subtraction. 

In this conception addition of two fractions with different denominators, for instance, 
2/3 + 3/4, signifies that, after producing equivalence classes for both of  them, respectively 
2/3, 4 /6 ,  6 / 9 ,  8/12 . . . and 3/4, 6/8, 9 / 1 2 . . .  the choice of suitable representatives is made 
8/12 and 9/12 (although 16/24 and 18/24 were also possible), after which one can proceed 
with the desired addŸ 8/12 + 9/12 = 17/12 = 15/12. 

The necessary preparations at the representational, visual level are taken a s a  matter 
of course before proceeding to the symbolic level (Fig. 1). 

Among the textbook series which were developed in the USA in particular under the 
influence of the nineteen-sixties New Math movement, there are those which have taken the 
greatest care in constructing addition and subtraction courses in the spirit of  the approach 
sketched above (see, for example, Eicholz et al., 1968). 

The use of pre-structured material (such as fraction boxes) fits in with this conception, 
but also - -  when the fraction in the operator is emphasized - -  the interpretation of the frac- 
tion a s a  stretch- and -shrink m• This is based on regarding the numerator and deno- 
minator as mappings (enlarging and reducing, respectively stretching and shrinking). A1- 
though a great variety of things have been written on this topic, we shall only refer here 
to a couple of publications which contain the source of this viewpoint, namely Dienes (1967) 
and Braunfield & Wolfe (1966). 

For a thorough mathematical foundation of  the fraction in the operator, the reader 
is refered to Pickert (1968). 

The pre-structured material is intended to give the children if necessary bit by bit, a 
concrete representation of  the system. 

The procedure of structuralistic mathematics education is often eharacterized by a re- 
latively short and one-sided introduction, followed by insightful practice of  the basie skills 
and, sometimes, completed by doing application problems. 

In other words, in this approach stress is laid on the process of progression within ma- 
thematics itself (vertical mathematisation) while the transition from realistic problem arcas 
to mathematies (horizontal mathematisation) is disregarded (see Treffers & Goffree, 1985). 

In itself, paying so much attention to the equivalence of  fractions can be said to be 
justified. Davydov et al. (1969) spoke in connection with this of the basic property of  frac- 
tions. 

Greeno, too, veas involved with equivalent fractions. His analysi8 of  certain so-called 
'cognitive process models '  for equivalent fractions (Greeno, 1976) is in partial agreement 
with the approach developed by Dienes (1967). Greeno only deals with cases where the nu- 
merator of  one fraction is a multiple of  the numerator of  the other and, moreover only in 

2 6 isolated cases for instance 3--=-i3. This could be called a reduced structuralistic conception. 

Cases such a s  6 /9  = 8/12,  which do not conform to the above-mentioned characteristic, 
a re  not considered by Greeno. His analysis would have turned out rather differently had he 
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maintained a somewhat wider concept of equivalence. Moreover, the contr of the opera- 
tions of  addition and subtraction, although remarked upon, is not dealt with in the analysis 
itself. And this is what is precisely the point in rational analysis. 

We point out in closing that, entirely in the spirit o f  Resnick's rational task or process 
analysis, the psychological theories will certainly have been present for Greeno in the back- 
ground, yet they played no visibly significant role in the construction of his models. The 
author admits, by the way, that intuition a certain amount of arbitrariness and his views 
and opinions on fractions (Greeno, 1976, footnote on page 125) have had a decisive signifi- 
cance. The psychological theory has had in fact little or no influence on the constructional 
theory. 

In the mechanistic approach, qualŸ such as structure, interrelatedness and insight 
ate pretty well ignored in favour of  a direct step-by-step construction characte¡ by pro- 
gressive complexity. A final algorithm is aimed for in each learning phase. Application re- 
mains limited to practicing the rules for simplifying fractions, converting fractions larger 
than one into mixed numbers and vice versa, and performing the four basis operations. 

Whitney (1985) denounces this sort of meehanistic approach. 

The realistic basic conception 

In the realistic approach, mathematics is regarded a s a  human activity a n d a  dynamic 
process. 

Children's informal solving procedures ate valued highly and used a sa  point of depar- 
ture for the acquisition of  (more) formal mathematics procedures vŸ a gradual transition; 
which is why long-term l•arnŸ processes are emphasized strongly in this approach. 

The children fulfill a constructive tole. The children's constructions ate directed to- 
wards the production of  mathematical tools, such as gymbolization - -  say, mathematical 
language - -  schemas and (visual) models. 

Instruction is characterized by a strong sense of interaction. 
The learning processes involved in this approach are intended to penr and conti- 

nue in mathematics from and by means of  posing realistic problems. In other words, in this 
basic conception, care is bestowed on both the horizontal and vertical components in the 
process of  mathematisation (see Treffers, 1982; Treffers & Goffree, 1985). 

A realistic program is also outlined by means of realistics which are couched in the 
contexts and not primarily by means of a mathematical system. Reality is the source from 
which the mathematics to be constructed (concepts, operations, structures) grows and is, at 
the same time, an arca of application (for the mathematics produced). 

Application problems ate not therefore, used solely for crowning the learning process, 
but mark the route continually. In this way, the children ate enabled to realize their own 
mathematics. 

A characte¡ of this realistic point of departure is the intertwining of lines of  lear- 
ning. 

Fractions are handled in this approach, in this didactic conception, in the following 
manner: 

A wide exploration is made of  the division context, that is, distributing, cutting up, 
sharing fairly, dividing with remainder, etc. This is intended to stress the model character 
of fair sha¡ a s a  source for fractions and its (non) applicability from the very beginning 
(Treffers & Goffree, 1985; Streefland, 1984b). 

The concept of  fractions and operations with fractions ate approachedfrom many as- 
pects, keeping in mind the applicability of  what has been learned. 

This versatility has a bearing on carrying out various processes a s a  source for frac- 
tions (fair sharing, dividing, refinement of  measure, mixing, following recipes, etc.), on the 
use of  various contexts where fractions ate applied, and on the diversity of  traits in which 
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fractions can be seen in those contexts, such as fractions in the break relation in the break 
operator, etc. (Freudenthal, 1983; Streefland, 1984b). 

Much care is bestowed on the development of a fractional language and accompanying 
symbolization, as well as on (visual) schemas and models (cf. Freudenthal, 1981; Lesh et al., 
1983). 

The frar course is intertwined with that of ratio. This means that, rather than only 
establishing a unifying connection between, for example equivalent fractions and ratios to- 
wards the end of  the learning process, these ate connected to each other in a mutually signi- 
ficant manner from the very beginning (Freudenthal, 1983; Streefland, 1984c, 1985; Treffers 
& Goffree, 1985). 

There is a strong link between the acquisition of  the fraction concept and operating 
(informally), which means operating, that is not governed by a set of  rules and pror 

In addition, the necessary amount of  attention is paid to estimation as an activity, pre- 
ceding the operation to be performed as well as its result. It is applied in particular when 
working a t a  symbolic level (see Trafton, 1978; Streefland, 1982; Teule Sensar & Vinrich, 
1982; Treffers & Goffree, 1985). 

In the foUowing sections, certain matters will be illuminated in more detail using 
examples. The general traits of  realistic mathematics education - -  as sketched above - -  and 
the macro-outline of  a fraetion program will be constantly visible in the background. 

We mention finally the empiricist basic conception or approach in mathemafics, which 
has primarily taken shape in Great Britain, for example, in the Nuffield and the School Ma- 
thematics Project. 

Here, too, much emphasis is laid on applications, in which the equivalence of  fractions 
is kept in mind yet not in an operational context. This conception concerns activities such 
as colouring in figures and graphic representation of, for instance, results of  measuring or 
ratios, which are expressed in fractional numbers. Partly due to the influence of Piaget's 
phase theory for r development, any appearance of  formalisation is avoided in wor- 
king with primary school children. Preference is therefore given to concrete operations. 

Fractions in a realistic rational analysis. A number of aspects 

Sharing situations 

Piaget et al. stressed the significance of  fair sharing in the fraction concept (Piaget 
et al., 1948, 1966). Davydov & Tsvetkovic (1969) criticised this approach - -  whir was custo- 
mary at the time in education in  their country as well. They opted for measuring with non- 
-decimal measure refinement as a concrete source. 

In general, however, fair sharing is used as a concrete source for fractions. In the theo- 
retical foundation of the Rational Number Project (RNP), for example 'partitioning and 
part-whole' ate at the forefront. The relations of these to various sub-constructs are adopted 
and/or  assumed. 

For instance: 
'Partitioning and part-whole' to 'Ratio'  and the latter, in turn, to 'Equivalence'. The 

first relation is regarded as established, the second is hypothesized: '(b) the ratio concept 
is most 'natural '  to promote the concept of  equivalence' and preceded by: '(a) partitioning 
and the part-whole subconstruct of  rational numbers are basic to learning other subcons- 
tructs of  rational numbers' (Belu" et al., 1983, p. 100; ital. L.S.). 

There is, indeed, a question of  a certain hierarchy. Keeping in mind the broader con- 
text of the theoretical foundation of  the RNP, it can be stated that this is a question of  
a (neo) structuralistic point of departure, The pressing question is whether a realistic ratio- 
nal analysis eould have resulted from a similar outline. 
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So let us begin at the top of  the stated RNP hierarchy: Partitioning. In a realistic ap- 
proach, an essential point is where such activities take place, under which circumstances, in 
brief, in which context. Obviously, the situation is one in which something is divided up. 

for instance: 'divide 3 bars of chocolate among 4 childmn" symbolized bY(~a and visua- Take, 

lized as: 4 children around the table and 3 bars of chocolate on it. 
Assignments such as: 'Divide it up and describe what each one gets' come naturally. 

We will at this moment pass over the differentiated divisions and accompanying descriptions 
which can bring about such tasks (see, for example, Bidwell, 1982). We will now turn our 
attention to new situations, in which something is shared. 

For instante, y (6 bars of  chocolate divided among 8 children), 10)2, eta (Fig. 2). 

By keeping in mind the tables (Fig. 2) or by making use of the division already perfor- 

med, it is not difficult for the children to establish that 4 ~, 8 ~,  1~2 aU stand for: 'each one 
3 gets -~-, in other words that, considering the result, they are all equivalent. 

x ,~ x x ~ x 

I I r - -1  

x 

r - - 1  r - ' - I  

x x ,~ ,x 

x x ~ x ,~ x x x x x ~< 

Fig. 2 

In which way are these considerations operative in a partial course for fractions? In 
the first place, it is apparent that ratio emphatically leads the way. The ratio objects-dividers 
dictates the division and determines the result, i.e. the portion for each child. Whenever ex- 
change situations can be compared, even before dealing with the yield of  the division, equi- 
valency can be determined based on the shifting and arranging of the tables. The intertwine- 
ment of  ratio and fractions is quite striking, even when in a different hierarchy than in the 
RNP, to wit: 

ratŸ (of sharing situations) - -  equivalency - -  division, part-whol~ 

The only thing t•at goes without saying in this realistic approach is that ratio produ- 
ces equivalency in a natural manner, including equivalency of  fractions. 

Before we deal with division itself and with the equivalency which may be involved 
in it, we will first go into the sharing situations in more depth. 

Table arrangements a s a  situation model  

The actual performance of  divisions in less transparent situations, for instante, (~ 24 
(24 children around the table and 18 pizza's on it) would be impractical and tot) time- 
-consuming. Moreover, it would not cont¡ much new insight into division if sufficient 
'smaller' division situations were already explored. 

The point is, therefore, to search for other means of  bringing such situations down 
more surveyable and controllable proportions. For example: 2~4 . Al1 24 children ate seated to 

around one large table, with aU the 18 eatables in front of them. 
However, 2 tables are also a possibility - -  , with the childrr and their food 

evcnly divided: ~2 and ~2" 
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ir'�91 
Of, for instance, ~-~ and ~ ,  or ~£ and '~ ,  always taking into account the fairness of  

the division. The growth of the two tables from the one big one (shifting and arranging) 
produces the beginnings of  a schema (Fig. 3). 

Fig. 3 

@ 
Q@ 

I~�91 / ~.. 

The table arrangement can be continued in this manner, whereby the children and 
their food are continually redivided (Fig. 4). 

Fig. 4 

@,. 
�9 \ 

�9 I i  ''''�91 

( ~  q Y ~Ÿ '-t '4 

It is essential that the execution of the table arrangements as sketched here divide the 
children in a natural manner. Keeping in mind the fair sharing, this occurs in a correspon- 

ding way with that which is put on the rabie. Where the portions ate concerned, 2~44 , 1~, 

et~ turn out to be the same. Even so, the question 'where would you prefer to sit?' can 

at first cause very different reactions, such as: ' I ' d  like to si1 at 2~4 because there's lots of 

company' of ' I ' d  like to sit at ~ because it has the most pizzas'. 
This is a phase which simply must be passed through in a realistic approach. In addi- 

tion to the answers cited above other, more mathematical considerations, can be expected 
based (us ig the intention of the question) on the equivalence of the tables. 

Weighing the emotional, social and mathematical arguments can contribute to ah in- 
sightful breakthrough (for everyone) that - -  considering the portion per child - -  it doesn' t  
matter at all which table you choose. This is an important opportunity for learning to take 
a standpoint on ratio and for regarding the connection between both of  the variables. 

The construction of  'table-arrangement trees', as we huye called these schemas, leads 
to all sorts of abbreviations which arise spontaneously during the learning process (Stree- 
fland, 1984b, Treffers & Goffree, 1985). The rational analysis can acquire ah empirical tint 
before the definitive empirical closure by anticipating the assumed potential for abbrevia- 
tions in the analysis itself. We will leave aside (or to the reader) further reflection on the 
potential for progressive schematisation through abbreviation. 

Why have we examined this example so thoroughly? 
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Because, hiding behind this 'tree construction', we find table arrangement schemas, the 
story and the context. The natural connection between the children and what-is-on-the-table 

pervades the symbol 2~4 , while the spreading out of smaller table-units (shifting and arran- 

ging) is visible in the schema. 
This means that the context fulfills the role of situation model in the students' organi- 

zational and constructional activities. The chosen symbol reflects perfectly the situation. 
Context, symbol and schema forro a powerful unit, in the horizontal as well as in the verti- 
cal mathematisation process. 

In other words, what it comes down to Ÿ that, with the situation model of  table arran- 
gement and its accompanying schematisation, a cognitive process model is made available 
which can generate equivalent division situations. Not only in the manner described above, 
but also by inventing suitable tables for a given result, for instance: someone's share 

1 of a division was -~ a pizza. The production of a class of equivalent tables results in: 
| 

(~2)'4 ' 6' " ' "  
This kind of cognitive process model lacks the characteristic of  artificial representa- 

tion which process models in a structuralistic method often have such as for instance 
Greeno's equivalen~ models of  which he himself admits their arbitrariness (Greeno, 19"/6). 

'In general it may be asserted that character and function of models according to the 
various ways of didactical thought depend on the relative stress laid on horizontal and verti- 
cal mathematising. This explalns the use of, among others, situation models in realistic and 
empiricist instruction, the virtual absence of  models in the mechanistic approach and their 
relatively onesided use in the structuralist methods where they function only vertically, that 
is, as artificially constructed materialisations of mathematical concepts and structures.' 
(Treffers & Goffree, 1985, p. 112). 

Sharing as ah activity 

Piaget et al. (1948, 1966) analysed fair sharing as a source for fractions. It took place 
exclusively within the unit which - -  as has already been apparent and will be so once again 
- -  constituted a considerable limitation (see Freudenthal, 1983). The analysis resulted in se- 
ven points of attention, starting points of theoretical matters. 

One of these was the f'lxed relation between the number of cuts that divide a unit and 
the resulting number of  pieces. 

The necessary availability of  an 'anticipatory scheme' was also posited in order to 
bring about a certain distribution of  a unit. 

This a priori didactic analysis determined in part the observation, analysation and in- 
terpretation of  children's problem solving behaviour when performing division tasks. The 
reality of  the research was modelled in advance by the above-mentioned limited theory. 

For instance, dividing by' two, by three, etc., was investigated in that order, as if this 
sequence also implied ” certain hierarchy. This ignores the fact that dividing by four follows 
dividing by two a s a  matter of course through repeated halving and does undoubtably occur 
in this way spontaneously with relatively young children. 

Dividing by three and by five do, indeed, appear to need ah anticipatory scheme, espe- 
cially in the case of  circular units. 

One must take care in such matters, by the way, not to in terpre ta  lack of  technical 
skill in performing division tasks as a lack of  insight. A second example concerns the labe- 
ling of  step-by division as inadequate or, in any case, as deviant behaviour. 
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Example: dividing a circular unit into three parts as follows (Fig. 5, see also Stree- 
fland, 1978). 

Fig. 5 

Davydov and Tscetkovitc (1969) passed over fair sharing and opted instead for a super- 
ficial approach by way of measuring. Desjardins & H› (1974) started, among other things, 
from refinement problems. A comprehensive approach is found, among others, in the often- 
-quoted Rational Number Project which is based partly on the work of  Dienes and on the 
structuralistic, Rational analysis of  Kieren (1976). 

Due to its numerous aspects and appearances (see also, in this context, Fricke, 1983) 
the fraction concept must be approached in a versatile fashion. We shall restrict ourselves 
here to fair sharing. (For a realistic, rational analysis we refer you to Freudenthal, 1983; 
Streefland, 1984b; Treffers & Goffree, 1985). 

Both the preceding sections focused on actual sharing situations a s a  starting point. 
For example: 'Divide 3 pizzas among 4 children'. (Fig. 6). 

Fig. 6 

The ratio of pizzas to children .dicdates the result. 
The division can be performed in a differentiated manner: 

1 1 1 �9 Each one gets (Fig. 7a): - -  a quarter a n d a  quarter a n d a  quarter; T-+-~-+~-  

three times a quarter; 3 x ~- 
3 three quarters; "T 

1 1 �9 Each one gets (Fig. 7b): one half and one quarter; ~ + - ~  

�9 Each one gets (Fig. 7c): a whole oae minus one quarter; 
1 1 1 1 - -  ~-; o r a  quarter and a half; T + ~ -  

It is striking that, in fair sharing a s a  differentiated source for fractions, the fraction 
concept and informal or insightful operating with fractions ate firmly attached to each 
other. And, moreover, in this kind of  approach it is impossible to mentally constitute the 
part-whole aspect of  the fraction without also becoming involved in insightful operating. 
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Fig. 7 

, @ � 9  

example shows that where --3 4 describes the induced part-whole relation, a process The 

is compounded of division, informal operating and abbreviating. The following 'mono- 
3 graph' for -~ expresses this graphically: 

3 1 1 1 
4 4 4 4 

3 1 1 
4 2 4 

3 I I 

4 4 + 2  

3 1 
4 4 

3 1 
- - = 3 x - -  
4 4 

Comparison of  the first and second lines shows that two quarters are hidden in a half. 
That was visible can now become anchored mentally, namely, that ~ is a pseudonym which 

1 1 2 for ~--+-~ or ~-.  This kind of  division-produced monograph, if  maintained throughout the 
learning process, can smooth the way towards formal operating. 

In a structuralistic approach the part-whole relation - -  in contrast to the sequence ou- 
tlined here - -  is defined a s a  basis for addition according to the rules. (See: Behr et al., 
1983, p. 100). The phase in the learning process where chitdren operate according to their 
own rules - -  informally, to be sure~ but insightfully - -  is not taken into consideration in 
this sort of  approach. 

Empiricism confirms the differentiation of division in sharing situations (Bidwell, 
1982; Streefland, 1984b). The question then arises of how it should be continued in the lear- 
ning process. 

On the one hand, there arises the need for unification when a learning process pro- 
ceeds in such a differentiated fashion. There are, however, certain guarante~s of  this, due 
to the strongly interactive character of  realistic mathematics education. (See: Treffers & Gol- 
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free, 1985). On the other hand, in the continued planning of the learning process, justice 
must be done to children's preferences for divergent manners of doing division. 

Seen on the whole, it comes down to two ways of doing division: successive or unit-by- 
-unit division and more global division. The first method offers in principle a certain 
amount of  security and can deal with any division situation. The second method contains 
ah element of estimation due to both variables in the situation being perceived at the same 
time in order to precede the result in 'rougher steps' than in the case with successive divi- 
sion. This sort of  division reflects the taking into account of the ratio objects-sharers. 

Because of the limitations we must set for ourselves, we will now regard only the step- 
-by-step division in more depth. 

As we have shown, a division situation can open out into a collection of divisions with 
ah accompanying monograph of  descriptions, in which said collection is symbolically secu- 
red. 

This unit-by-unit manner of  division can acquire the status of a standard method for 
the rest of the course. 

Using the example of  a pancake restaurant in Lª in the Alsace, we will regard 
the so-called 'French division'. 

Four people enter the restaurant and order some pancakes. 
After a time, the 'patron'  arrives with the first pancake. 

1 He divides this in the presente of  the four guests as follows: (~) Each one gets ~- 
pancake. A while later the second pancake is ready and is again divided in this way: (~) 

1 1 1 I Each one again gets T and now has had ~-+-~- pancake (or 2 x 1 ,  2 ~- ,  of -~-). And so 

forth. 
Just as with the table arrangements, this concerns ah easily imaginable and mentally 

reproducable situation. 
The story is a mode! for sucessive or step-by-step division. Again, we ate dealing with 

a situation model or cognitive process model which in this case leads to a strong connection 
between the creation, representation and description of fractions. 

Here follow two examples for illustration: 
Example 1: 

'Divide 5 licorice-sticks among 6 children.' 
This can be presented and symbolised according to 'French division' as follows (Fig. 

1 (licorice-stick); 8): the f irst  licorice-stick is 'brought in' and divided; each child gets ~- 
Fig. 8 

I 1 
0 J. 

6 

1 1 1 
(of 2 x - ~ ,  etc.) the second lir arrives and is divided, each child now has ~--+~- 

(Fig. 9); 

Fig. 9 

~ ~ ~~ 
Z .J. ~ 3  
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the third, etc . . . .  (Fig. 10). 
Fig. 10 

6, �9 ~ �91 

2.L./. 

& 
__.,,J 
�91 �91 

In this way the denominator as an arbitrary measure and the numerator as itself ac- 
quite meaning the importance of  this has, in fact, been stressed by others. 

(See for instancr Lesh et al., 1983). 
It is clear that, by this means interesting monographic material is again produced, 

which can insightfully prepare for formal operating. 

Example 2: 

Abbreviations, which do creep into the situation model story a s a  matter of  course, 
are reflected of  their own accord in and through the symbolic representation, as 
for instance: 

'Divide 5 licorice-sticks among 6 children': the first is brought in and divided, 
1 1 5 each child gets -~- ; this happens a total of 5 times, so 5 x-6--=-~ . 

The rational analysis of  a realistic approach to fractions has once agaln produced a 
situation model which is a natural and imaginable cognitive process model. 

Again, this is no artificiaUy constructed materialisation. 
In the following section we shall point out some general implications of  what the 

analysis of division has produced up to now. 

Implication for the macro-structure 

'French division' can become a handy tool in the vertical mathematisation process. 
The potential whieh ~call the most attention to themselves are: 

- -  the potential of  unobstructedly transposing the table situation ~ into a fraction result 

__3 and vice versa, causing a strong attachment between ratio and fraction; 
- T  

4 
the potential of  realizing by oneself the carrying out of a division process and its numeri- 
cal maintenance on behalf of  one's own monograph production. 
The following concerns the table arrangements: 
the table notation indicates ratio and distinguishes it from fractions; 
the phenomenon of  equivalency is amply present; classes of  equivalent ratios can be pro- 
duced in various manners and, by way of 'French division', the equivalency of  the ac- 
companying fractions as well; 

- -  by using 'what is on the table' a s a  variable, the most applicable visual representations 
(strip, rectangle and number-line) can be connected and exchanged with each other; 
by attaching a value to 'what is on the table', the fractions inducted from division do 
then perform as fractions in operators; by this means a link is made to 
the multiplication of  fractions; and, therefore, also to 

- -  dividing fractions by means of  reverse multiplication. 

1 3 �9 x T =  ~ 
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- - t a b l e  arrangements can be used to avoid the familiar addition error, for instance: 
"-~+")1 1 =2"-+"3=-5-1+1 2 (see for example, Lesh et al., 1983; Hasemann, 1985; Padberg, 1983; 

1 1 Streefland, 1984a, 1986). Can someone who has received -2--+-~ have sat at table 

9 The reasoning leads simply and convincingly to ah unmistakably answer. The per- 5 " 
--~5 (French division), and that is simply not the same 1 1 son at table has received 3 - + - 5  

1 1 (see Treffers & Goffree, 1985); as T + ~  

- -  by way of  table arrangements (and sharing), subtraction (by comparing) and addition can 
be brought to attention; 

- -  table arrangements lend themselves to a process of progressive schematisation by means 
of  abbreviation and also in other ways to children's own productions which can take 
shape as well by means of French division in monographs. Table notation - -  the symbol 
| 
y - -  turns out to be a weighty organisational tool for the vertical mathematisation pro- 

cess as well as an access to it. As was apparent in the previous brief summary, just about 
all the ingredients for a partial fraction course are naturally and un-artificially connected 
to this phenomenon. 

Conclusion 

Mathematics education and research can be founded on divergent basic conceptions 
or specific learning theories. 

A meaningful discussion on this topic can only take place when the basic conceptions 
in publication on education or psychology of  education concerning mathematics are made 
explicit. We can, therefore, certainly admire the fact that Greeno and others dared to tackle 
what one could c a l l a  didactic analysis; which is how the specific learning theory of  those 
involved carne to light. Only in this way can suchlike specific learning theories be characteri- 
zed in depth. 

However, only too often is it evident that someone's basic conception or tacit assump- 
tion concerning mathematics and the learning thereof is that the only possible approach is 
the structuralistic one. 

With fractions playing an exemplary role, we feel we have shown that divergent didac- 
tic approaches are possible. I t i s  advisable that the psychology of  education focus more on 
the realistic approach to mathematics education and, therefore, on realistic rational analysis. 
Beeause of the scant attention paid up to now to this approach, a weighty and interesting 
source for hypothesis and theory formation has been neglected. 

Situation nlodels as cognitive process models will not be encountered in the structura- 
listic standpoint, because this approach does not take the horizontal component of  mathe- 
matisation into consideration. In addition, more attention should be paid to long-term lear- 
ning processes and the macro-structuring of educational activities for these. Upon following 
these recommendations, one would soon discover that Gagn› three phase model for cogni- 
tive processing for solving mathematical application-problems does not fit in with the realis- 
tic basic conception (Gagn› 1984). Such a model is therefore justifiably referred back to 
the place where it belongs, namely, within the structuralistic approach. 

This is exclusively a matter of  theoretical clarity and n o t a  matter of  whether one is 
better or worse than the other. 

And clarity signifies that that which can be shown not to be able to fulfill the claim 
of generality should be referred back to specificity. 
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Analyse Rationnelle de rEnseignement 
Math› exemple des fractions 

L'analyse des Mches dans l'enseignement des math› et la recherche 
sur cet enseignement int› de plus en plus les chercheurs en › et les 
psychologues. Le pr› article aborde cette question en mettant l'accent sur 
l'analyse rationnelle des tache et des s› › du point de vue de son 
r61e dans l'enseignements et des principes th› de base qui la soustendent. 

C'est le plus souvent la structure de la mati~re ~ enseigner qui a orient› les 
recherches et la manibre d'en parler; on suppose alors l'existence d'un consensus 
tacite de point de vue sur ce qu'est l'› des math› On expose 
ici une conception alternative, celle de l'analyse rationnelle r› Cette concep- 
tion est pr›233 en l'illustrant de quelques exemples sur les fractions. 

Key words: Rational Analysis, Realistic Mathematics, Situation Model, Fractions. 
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