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ABSTRACT. Freudenthal was the founder of so-called realistic mathematics education. In it reality 
does not only serve as application area but also as the source for learning. We take a newspaper article 
as an example of arich context problem. It contains elements from all of the important areas of learning 
for mathematics education in primary school (grades 1 through 6). In the following these topics of 
learning are discussed. Historical comments will be indicated each time, in particular relating to the 
influence of Freudenthal. Freudenthal laid the foundation for this didactical realism and determined the 
development of various learning strands, but more indirectly than directly because he himself did not 
design or outline themes and learning strands. Attention is devoted briefly to the integral educational 
development of Wiskobas and Freudenthal's contribution to it, especially in terms of developmental 
research. The summary, in conclusion, is given by way of a problem that was posed by Freudenthal - 
his last one. 

INTRODUCTION 

Freudenthal is strongly associated with Wiskobas 2. This is rightfully and wrong- 
fully so. Wrongfully so because Wiskobas originated in 1968 without the involve- 
ment of Freudenthal and continued after 1981 without his direct participation. 
Rightfully so because of the lasting influence of his range of ideas on the work of 
Wiskobas. And not only on Wiskobas, and therefore on primary education, but 
equally through Wiskivon on secondary education (grades 7-12), which will not 
be described in this presentation 3. 

It was Freudenthal who in 1971 - upon the founding of the IOWO - put 
Wiskobas on the track of realistic mathematics education, away from the trodden 
path of traditional arithmetic, and away from the up and coming New Math. New 
in Freudenthal's views was not only that he wanted to incorporate everyday reality 
emphatically in mathematics education, but especially also his fundamental idea 
to let that rich context of reality serve as a source for learning mathematics. 

In the initial period it was predominately the rich contexts in the form of 
topics, projects, locations, stories and clippings which determined the appearance 
of Wiskobas. Later it was more the new learning strands which drew the attention. 

In the following there is first an example of one o f  those themes for the 
teacher, together with some historical comments about the place of such problem- 
situations in realistic mathematics education in primary school (grades 1-6) in the 
period 1970-1990, and Freudenthal's contribution towards the development of 
these themes. Thereafter the latter is done for the learning strands of the Wiskobas 
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program and in conclusion for educational development as a whole. We start by 
accentuating the description of the content of the Wiskobas program. Later it 
is especially Freudenthal's influence as a member of the Wiskobas team which 
receives attention. 

1. RICH THEME: VAN GOGH IN THE FIELD 

1.1. Van Gogh Problem 

From the outset of the Wiskobas project at the IOWO Freudenthal stimulated 
'mathematics fraught with relations', or as it was later called 'mathematics in rich 
contexts' - to which the influence of Decroly was not foreign (Freudenthal, 1973). 
From the available categories of rich themes a newspaper clipping is chosen here, 
intended for the (initial) teacher training. To be precise the example consists of 
two newspaper clippings, both about a rather unusual reproduction of one of Van 
Gogh's 'Vase with Sunflowers' (see Figure 1). 
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It took Andrew Scott, a horticulturist in Scotland, ten days to make a repro- 
duction of Vincent van Gogh's 'Sunflowers'. With the assistance of twenty 
volunteers he copied the painting in a Scottish wheat field, using 250,000 
colourful garden plants. The botanical 'canvas' is 14 square kilometres in size 
and "very beautiful", Scott concludes after having inspected the scene from a 
helicopter. (Trouw 17-8- '91).  

In another newspaper one could read: 

Scott used various kinds of plants and shrubs to portray a picture of over 
10.000 square meters. (Volkskrant 17-8- '91).  

On the basis of these clippings we asked the teachers the following question: 
> Which report is the most accurate, Trouw or Volkskrant? Explain your answer 
as convincingly as possibly. 

When this problem had been solved and discussed the next question was raised: 
> How do you suppose this discrepancy in sizes occurred? 

It was added that the newspapers were given the area in square yards: 12820 
square yards (De Moor and Streefland, 1991). More explicitly: 
> Could the area of 'over 10,000 square meters' be correct? 
> How do you explain the error of the 14 square kilometres? 

1.2. Brief Comment 

In determining which area seems the most plausible, there are first of all the 
arguments of geometry which the teachers raise. In making estimations of length 
and width tractor tracks and the height of the trees were considered: how wide is a 
track and how high a tree, roughly speaking? These sizes as such are the first topic 
of discussion and reflection. All kinds of reference points are brought up. One 
teacher follows up with an interesting method: the 'projection' of the side-lines 
of the painting to the road with trees showing at the top of the photo (Figure 2). 

It is obvious from looking at the trees, that this 'canvas' cannot be 3 or 
4 kilometres wide, but some one hundred meters at most. 

Then there is also the computational argument in answering the first question 
with regard to the density of the plants in the painting: 250,000 plants on 14 
square kilometres or on 10,000 square meters? In the latter case there would then 
be 25 plants on 1 square meter - that would seem reasonable, after some sizing 
up. But 250,000 plants on 14,000,000 square meters is 25 plants on 1400 square 
meters or 1 on 56 square meters, so 1 plant on a rectangle of 7 by 8 meters, the 
floor of our classroom, and of course that is too far apart. 

Moments of discussion are introduced when making an inventory of the various 
solutions. But the result of one and other is clear: 10,000 square meters seems 
by far the most realistic size. It could also very well concern a rectangle of 60 
by 70 meters, as reported on the news on television the day before! (Length and 
width do not differ that much, but the area does. How is that possible?) 

Then the correct area is given - 12,820 square yards. We take another look at 
those 10,000 square meters and 14 square kilometres and do so in that order. 
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F i g .  2 .  

When converted does 12,820 square yards correspond with somewhere close 
to 10,000 square meters? One yard is 91.44 cm, let us say 0.9 meters. 

There is disagreement: one group feels that the answer should have been well 
over 11,000 square meters (0.9 x 12820 = 115380) or even 11,500 square meters; 
someone else prefers close to 12,000 square meters, and there are those who can 
agree to the figure of  some 10,000 square meters (0.8 x 12820). 

Of course the issue of  rounding off is discussed at length. But particularly the 
main issue of  whether to multiply by 0.9 or by 0.8 (or divide). 

A square of  10 by 10 yards can serve as a model. 
This is then converted to a square of 9 by 9 meters. Therefore 100 square 

yards corresponds with 81, let us say 80 square meters. 

9m 

9m 10y 

]Oy 
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If 100 becomes 80 than 12820 therefore becomes ... The double number line 
is used: 

100 12820 

I I 
80 

Or perhaps better the ratio table, because of the possible confusion of 'square' 
with 'length' on the number line: 

100 10.000 112820 I 

80 800 I ? [ 

Different methods of calculation are possible; for example via 10,000 and 
correspondingly 8,000, or abbreviated via 130 times as much at the top, therefore 
also 130 times 80 at the bottom, or via 8/10 times 12820 - some 10,000 square 
meters does appear to be correct! 

Actually this problem is best posed separately and the solutions inventoried 
and discussed one by one. But even more important is to relate the conversion 
of square yards to square meters to the earlier conversion of square kilometres 
to square meters, and to draw attention to the matter of the zeros and the linear 
connection between kilometres and meters, and the conversion of measures of 
volume. 

In conclusion the unravelling of the matter of the 14 square kilometre. 
The teachers are helped on their way: the first mistake also occurred here in the 

conversion of square yards to square meters via the factor 0.9. Who remembers 
what else went wrong? We latch on to a smart suggestion from one teacher: indeed 
12820 was not multiplied by 0.9 but divided by it. Perhaps an understandable 
error, just like the first one, because the idea was that the result in square meters 
would have to be smaller than 12820, and becoming smaller means that you must 
divide, right?! 

Next, the result of 12820:0.9144 will probably be worked out on the calculator: 
14020.t22. The decimal point is easily overlooked. Now move the decimal point 
six positions to the left and we have 14.020122 square kilometres, rounded off to 
14 square kilometres. 

That is how it might have gone, but more likely the decimal point was placed 
three positions to the left (from meters to kilometres as it were) from 14020.122. 
Whatever the case, the error has taught us that division does not always give a 
smaller result. And the most important thing that was learned is perhaps, that 
in cases like these you must always examine the answer to see if it is plausible. 
By the way, one question remains unanswered: how did the Scottish arrive at 
12820 yd. 22 • 5 • 641? 

At any rate it has become clear that many aspects of mathematics can be raised 
here in an integrated fashion. In the early days of Wiskobas, but also thereafter, 
theme-oriented examples like this, but also at the level of primary education, had 
an important informative and stimulating influence. 



94 A. TREFFERS 

1.3. Historical Comments 

Before the founding of the IOWO, Freudenthal wrote the following about mathe- 
matising: 

'The globally structuring force, as we called it, should be lived through reality. 
Only this way can we teach mathematics fraught with relations, can we be sure 
that the student integrates the mathematics he has learned, and can we guarantee 
the applicability of mathematics'. (Freudenthal, published in 1973, p. 132). 

It is evident that the introduction of rich themes corresponds with this basic 
idea, i.e. was strongly stimulated by it. The IOWO snapshots, published in Edu- 
cational Studies in Mathematics on the occasion of 'H. Freudenthal's Retirement 
from the Directorship of IOWO' (1976) attest to this: 'An Island of Geometry', 
'Ship Ahoy', 'Our Earth', 'Building a Bungalow', 'Gulliver', etc. Many themes 
were developed in the course of time. In his farewell speech Freudenthal even 
went so far as to predict that the integrative aspect of mathematics was dominant 
to such a degree that mathematics as a separate subject would cease to exist in 
time: 

'What will mathematics education look like in 2000? The answer is simple. 
There will be no more mathematics education in 2000, it will have disappeared. 
There will be no more subject called mathematics, no math program, no math 
textbook to teach from' ... 'It is there to be lived a~d enjoyed, just as reading, 
writing, handicrafts, art, music, breathing, in integrated education'. (Freudenthal, 
1977, p. 294). 

After 1976 mathematising was distinguished in a horizontal and vertical com- 
ponent (Treffers, 1987) and also in the functions which rich context can accomplish 
in mathematising (de Lange, 1979, 1987). The integrative themes have a spe- 
cific horizontal mathematising purpose, i.e.: they are primarily directed at the 
application, practice and relating of learned knowledge and skills in context sit- 
uations. The model-type contexts on the other hand have primarily a vertical 
mathematising purpose, i.e. that they are in particular directed at the progression 
within the subject structure, therefore on the practising of knowledge, skills and 
concepts within learning strands (Gravemeijer et al., 1990). By this distinction 
in horizontal and vertical mathematising, about which Freudenthal said "For a 
long time I have hesitated to accept this distinction" (1991), the importance of 
the integrative themes was brought back to realistic proportions: they are im- 
portant, but overemphasis leads to empiristic mathematics education with too 
little attention for vertical ma~hematising..In an evaluation discussion about the 
Wiskobas project 4 in the IOWO period (1971-1981 ) Freudenthal himself came to 
the conclusion that Wiskobas spent too much energy in those days on the design 
of themes ('domains of reality disclosed to the learner in order to be 'horizontally' 
mathematised') and too little on model contexts ('to be 'vertically' mathema- 
tised') on which in the eighties the emphasis came to lie much more. Also the 
form and content of the theme changed in the eighties to some degree. Besides 
themes, projects, locations and stories there appeared the clippings. Their value 
was recognized by Freudenthal: 



WISKOBAS AND FREUDENTHAL: REALISTIC MATHEMATICS EDUCATION 95 

Here is not a domain but a small piece that is cut out, although its paradigmat- 
ical value for mathematising and for acquiring a mathematical altitude may be 
enormous in comparison. (Freudenthal, 1991). 

See 'Van Gogh in the field', we might add. 

2. WITH A VIEW TO LEARNING STRANDS 

In the Van Gogh problem there were elements from the main learning strands of 
the Wiskobas program: 

- basic skills and column arithmetic 
- ratio and fractions 
- measurement and geometry. 

In the following these learning strands will be regarded from the points touched 
on in 'Van Gogh' to acquire some insight into the specific characteristics of each. 
For each main learning strand some historical comments are made about their 
development in the period 1970-1990. In each instance there will be a short 
reference to the involvement of Freudenthal. 

2.1. Basic Skills and Column Arithmetic 

Mental arithmetic is efficient calculation for which both memorized knowledge 
as well as insight in arithmetic rules is necessary, with furthermore the particular 
'faces' of numbers and the relations between them. The Van Gogh problem offers 
various possibilities for mental arithmetic in combination with estimated calcula- 
tion, for example of ~ x 12500 = 8 x 1250 --- 4 x 2500 = 2 x 5000 = 10 ,000-  
the strategy of halving and doubling. The Wiskobas program leaves much room 
for mental arithmetic. Column arithmetic is not introduced until the beginning 
of grade 4. Until that time mental arithmetic has received every opportunity to 
develop. In the traditional math program column arithmetic (with adding and 
subtracting) started one year earlier, at the beginning of grade 3, and in conse- 
quence snowed mental arithmetic under completely. There are even countries 
(among them the USA) where column arithmetic to one hundred often already 
starts in grade 2. In consequence pupils have almost no opportunity to consider 
numbers on their value, something which is also expressed in the achievements 
(for a comparison see Treffers, 1991 a). Estimation arithmetic has meaning when 
it concerns the rough determination of the result, the general assessment of the 
result in terms of magnitude, and if one must handle not precisely determined 
information. And that is exactly what was done in the Van Gogh problem, where 
experience information was used (misused), approximation, rounding off and 
(in)accuracies in determining the height of trees by roughly converting yards to 
meters and square yards to square meters and examining whether about 10,000 
square meters is close... Although the Wiskobas program does devote much at- 
tention to estimation - it is both a goal and a means - this is not yet sufficiently 
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evident in educational practice in Holland, contrary to mental arithmetic that is 
practised sufficiently. 

In conclusion, column arithmetic that in 'Van Gogh' could remain in the back- 
ground by using the calculator. But this also applies in general: the importance 
of learning the number algorithms has been strongly reduced by the introduction 
of the calculator. In the Wiskobas program this is expressed in a special manner, 
namely in the connection between mental arithmetic and column arithmetic. Col- 
umn arithmetic procedures are developed from stylized mental arithmetic. This 
occurs according to a gradual process of schematising and abbreviation. And the 
end level can differ (per group or per pupil). An example of how this works for 
division. The following transportation problem can for instance serve as point of 
departure for long division: 1128 fans must be transported in buses that seat 36. 

How many buses will be needed? 
This problem is solved at different levels in the course of the learning strand 

(Figure 3). 
And these solutions illustrate the abc of the entire learning strand. 
Something similar happens for multiplication. For example in a context prob- 
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lem in which '7 x 24' occurs: (1) via repeated counting, (2) abbreviated to the 
front-end method 7 x 24 = 140 + 28 = 168, and (3) the end-front standard 
algorithm that starts with the units. 

Historical Comments 
One might even go so far as to elevate the stylized front-end methods of mental 
arithmetic to (new) standard algorithm. The Wiskobas program, which serves as 
informal National Curriculum (Treffers, De Moor, 1990), emphatically points out 
this possibility. Currently it is not clear to what degree textbooks and teaching 
practice are prepared to go with this. There is clarity about the modest importance 
of column arithmetic: currently there is an obvious trend in The Netherlands to 
delay it (let us say until grade 4, as proposed by Wiskobas) and to restrict it in 
favour of mental arithmetic and estimation arithmetic. This shift did not take 
place until in the eighties however. During the IOWO-period (1971-1980) the 
mentioned parts of basic skills and arithmetic were still fairly unrelated: there was 
a separate algorithm program. And column arithmetic was introduced in grade 3 
in those days. 

No special didactics had been developed for the learning of the tables of 
multiplication or elementary mental arithmetic. That did not occur until the 
eighties for addition and subtraction (Treffers, 1991b), for multiplication and 
division (ter Heege, 1985), for elementary mental arithmetic with the aid of 
the empty number line on the basis of an idea by Whitney (1988), and for the 
combination method mental arithmetic-column arithmetic (Treffers and De Moor, 
1990). Programs were developed for mental arithmetic for instance, and the writers 
of math methods also gave an important impulse. In short, too many people to 
mention together brought about a small revolution in the program development 
for basic skills and arithmetic. 

In conclusion, a few remarks about Freudenthal's influence on the outlined 
development of basic skills and column arithmetic. Contrary to what one might 
expect, Freudenthal was hardly involved at all with this area of development. 
And as far as the above mentioned issue about the relation and shift in position 
of mental arithmetic and column arithmetic is concerned, one will find nothing 
on the subject in his last book (Freudenthal, 1991). He was not keen, so it 
became evident in the early stages of Wiskobas, on the fundamental importance 
of memorized knowledge of addition and multiplication tables. This did change 
somewhat under the influence of the Wiskobas group, but the fact remains that 
this area certainly did not have his special interest. It lay much more with the 
other major areas, which we will now review from the Van Gogh problem. 

2.2. Ratio and Fractions 

The first of the 'Van Gogh' problems concerns visual ratios. Numbers barely play 
a role in determining that 14 square kilometres cannot be correct: the practised 
eye sees immediately that this cannot be a rectangle of 3 ½ by 4 kilometres, 
considering the trees, the tracks, the whole scene. Ratios also appear in the 
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Wiskobas program in similar fashion, therefore at first only as visual ratios from 
the observation world of drawings, maps, models and illustrations, whereby it 
must be determined whether the ratios are correct or have to be adjusted. Later in 
the program a number element is added. At issue then is estimation or determining 
the exact ratio relationship, whether ratios are equivalent, or else to compare ratio 
relationships, or determine the fourth proportional. In the 'Van Gogh' item for 
instance, visual ratios were concerned, to determine the plant density for the two 
given measurements and the conversion of (square) yards to (square) meters. 
But of course there are many more forms in which ratios can appear: mixing, 
borrowing, conversion, fair distribution, and the linear relating of measures such 
as unit-price, price-weight, road-time and so on, to which the mentioned questions 
about ratios can be applied. The dominant think and calculation models employed 
are the (empty) double number line and the ratio table (also consider the (estimated) 
conversion of 12820 square yards to square meters) which can both serve on many 
levels of schematising and abbreviation- of course also for the special ratios which 
are called percentages. Wiskobas has from the very start devoted much attention 
to this rich area. 

Fractions do not play an important role in the Van Gogh problem. Only in the 
relationship between yards and meters do they appear, and then only in the form of 
decimal numbers. And working with them can even be avoided by size reduction 
or by working with squares of ten by ten. This immediately indicates one of the 
strategies with which to approach and explain the multiplication and division of 
decimal numbers, namely by changing measurement units with the help of the 
rectangular model or else trying to get rid of the decimal point. But fractions can 
also be used to solve ratio problems: ratios and fractions can be related to each 
other. Ratio (fair) division for example of pizzas, chocolate bars etc. can lead 
to breaking up and hence to fractions. Sharing of objects can achieve the same. 
Accurate measurement with a prescribed measure also. And thus there are many 
inroads to fractions which are used by Wiskobas in the first concept-forming phase. 
At issue is not so much operating with fractions in the more formal sense, but fair 
sharing, distributing and measuring and then the description of these activities and 
their results - the development of comprehension and language. The relationship 
with ratios is expressly maintained at this stage, partly to compare fractions and 
to determine the (in)equality thereof through ratios (Streefland, 1991 a). In a next 
phase when operating with fractions is brought more to the fore, it is especially 
the measurement aspect that is employed. Keywords here are: mediating unit, 
named fractions, the rectangle model and the strip or the (empty) double number 
line (Streefland 1991a, b, and Treffers, 1991b). An example from the last in 
conclusion: 

i I year aJ 

I I .................................... 

(3) (12) months 
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1 1 . 1 1 . 1 1 . 1 1 Problems such as 5y + gy, gy - 7y, g x 7Y, 5Y ' 7Y can be solved via the 
mediating unit of month, therefore the underside of the double number line, but of 
course also directly with fractions on the upper side of the number line. Note the 

1 1 is not possible difference in notation between adding and multiplying: gy × ~y 
I 1 1 but ½ × ½y is right, i.e. that ~ serves as operator. In the abstract notation g + 

and ½ × ½ one cannot read the different status of I in these notations, as one can in 
the notations with letters. Later on in the course pupils must themselves try to find 
the right divisor to be able to work away the fractions by imagining a chocolate 
bar with a varied number of pieces, or a strip, or a double number line. So much 
for details concerning fractions, otherwise we wilt digress too far from the 'Vase 
with Sunflowers'. 

Historical Comments 
In describing Freudenthal's influence on the development of education for fractions 
and ratios one must immediately list his monumental 'Didactical Phenomenology 
of Mathematical StruCtures' (1983) of which parts were already published as 
early as 1973. And it is notably the phenomenological reflections about ratios and 
fractions which have had great influence on the development of learning strands 
in this area. And yet there was no evidence of direct extraction of education from 
this analysis. Even stronger, upon first introduction one sooner had the feeling 
that one was being distracted from it. Take fractions for instance: the enormous 
variety and comp!exity of appearances, as described by Freudenthal, had an almost 
paralysing effect o~n anyone doing developmental work on this subject. Add to this 
the emphasis that Freudenthal placed on unicity of individual learning processes 

- thereto in part inspired by the 'walks with Bastiaan' his grandson - and one can 
imagine what an enormous burden developmental research in this area was faced 
with. The result of these efforts is visible in the fundamental work of Streefland 
(1991a) which in turn adds new elements to the phenomenology, such as fair 
sharing via ratios and the working with a mediated unit for named fractions. And 
the notation thereof with letters, plus the (empty) double number line as master 
model for operating with fractions by Treffers (1991b). In short, Freudenthal 
indicated where to look and how to look (observation of learning processes) but 
even he did often not know in advance what would be discovered. His influence 
was and is fundamental, but also difficult to pinpoint concretely because he was 
not directly involved in the design of learning courses and did not really have 
clear cut suggestions for the total education structure for these complex learning 
courses. 

A typical and intriguing remark in this regard was the following: "Why don't 
we approach fractions in the same way as initial arithmetic, namely depart from 
elementary context problems and from there try to arrive at formal arithmetic?" A 
remark that has remained with me until today and a major principle of Wiskobas 
for the development of ideas about calculating with fractions - leading to ratios, 
to mediated measures, to named fractions, to explicit notation thereof, to the 
(double) number line... Therefore indeed comparable to initial arithmetic where 
also initially one works with named numbers, and the empty number line plays 
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an important role. But it took ten to fifteen years for this encouragement to 
take concrete shape, one which Freudenthal himself had not anticipated either, 
but could ultimately appreciate. And still the developers had the feeling that it 
was what Freudenthal had intended all along. 'Wiskobas and Freudenthal', a 
complicated relationship - difficult to separate, and certainly in terms of ideas 
because Freudenthal was a member of the Wiskobas team. 

2 . 3 .  M e a s u r e m e n t  a n d  G e o m e t r y  

'Van Gogh' is mainly about measuring - the measuring of area. Listed below are 
six aspects of measuring in the Wiskobas program. These apply generally, but we 
will illustrate them briefly using the example of area. 

1. Comprehension of measurement is not automatic. What does it mean to 
measure area in square meters, kilometres, yards? What is area? The 
number of plants, for example, says something about the size of a field or 
else the area. And through this relation to another, more concrete magnitude, 
area can be made visible, and thus the development of comprehension of 
measure be promoted. 

2. Secondly, 'everyday' measurements must be related to the realm of experi- 
ence and imagination of the children. What is a square meter, how big is 
that? Can a non-square also have an area of 1 square meter? How big is a 
square kilometre, imagine this in your surroundings. How big is 14 square 
kilometres in that regard? What is the area of the floor of our classroom? 
Pupils must allow a host of reference points about measure to sink in: how 
tall are you, how fast is the car going, how many people live in a large 
city, what is the temperature today.., and so very many more. Items like 
'Van Gogh'  pertain to this. The Wiskobas program places strong emphasis 
on it. Numbers of measurement can establish arithmetic in the reality of 
children. 

Development of strategies of measuring is inherent to measurement. Notably 
estimation is of crucial importance, especially estimation on the basis of 
personal reference points. See the trees, the tracks in 'Van Gogh', we already 
mentioned them in respect to estimation. Estimating and measuring are 
closely related. 

The relationships between measures and magnitudes must be examined. 
Metrics is one of these aspects - see 'Van Gogh'. But also relations between 
circumference and area, between distance, time and speed, and so forth. 

Calculating with numbers of measure sets special demands, notably when 
dealing with rounded off or inaccurate numbers. Compare the indications of 
250,000 and 12,820 in the Van Gogh problem, for instance. And the matter 
of the rounding off of yards and meters - is that allowed? Errors can be 
blown up when multiplying or dividing (compare 60 x 70 m - not such a 
poor estimate but the area is quite far off). Matters to which attention must 
be devoted in relation to measuring, estimating and calculating. 

. 

. 

. 
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6. And finally, the collection and processing of numerical data in graphs, tables, 
diagrams and so forth, something not found in the 'Van Gogh' item. Drawing 
graphs, interpreting them, all of this is also part of measuring. 

All in all measuring offers a natural access to arithmetic, it provides models 
and context problems which cover a wide area. Various skills and fields are related 
through measurement- see 'Van Gogh'. The Wiskobas program reflects the great 
importance of measurement. 

There is very little geometry in Van Gogh... Although...? There is an element of 
spatial orientation in the first problem and certainly in the perspective-problem (De 
Moor, 1991). The Wiskobas program contains problems concerning projecting 
and visualizing (1), orienting and localising (2), and shapes and pictures (3). The 
children are encouraged to construct, calculate and reason. 

In the first phase of geometrical instruction the structuring of spatial experi- 
ences are mainly visual and implicit: the insights are in fact not expressed in words 
other than 'I see it this way'. Later intuitive notions must be more considered and 
better argued by means of language symbols, pictures, reasoning. Then explicit 
concepts are developed such as angle, perpendicular, direction etc., which possess 
a certain relation and which can be built up on in secondary education. 

In the category of projecting and visualizing, to be somewhat more explicit, 
problems fit such as: 
- Why do shadows become longer when you walk away from a street light and 

not when you walk away from the sun? 
- Why does the moon walk along with you? 
- Why does the thumb when held near the eyes change position if you close 

first one eye and then the other? 
- Why do railway tracks converge in the distance? 

No easy questions. They especially give an impression of the continuing line 
of geometry from primary to secondary education. The Wiskivon team (Goddijn, 
Kindt, Schoemaker and others) produced a great variety of ideas in this field on 
which Wiskobas also took advantage. Mathematical world orientation requires 
investigation, explanations of the self-evident, of own experience. There is a great 
deal of geometry in the Wiskobas program. And that is visible in the publication 
'Five years IOWO' (Freudenthal, Janssen and Sweers, 1976) - you can tell at a 
glance. 

Why? Because there is not another part in the program that can be as motivat- 
ing, that can promote the forming of a mathematical attitude so much, that appeals 
so strongly to general objectives, as does geometry. 

Historical Comments 
Freudenthal, the great promoter of geometry education wrote: 

The deductive system of geometry - the ideal for an elite school, was a farce, 
even for the elite pupils, and for the schools for the masses even less than that. 
At the end of the sixties I succeeded in formulating what I considered to be 
the solution: deduction yes, but then local, something the pupils can oversee, 
not global, as a system thought up by hobby horse riders. (Freudenthal, 1987) 
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The Wiskobas group and certainly also Wiskivon, the group responsible for 
secondary education within the IOWO, needed only little urging in this direction: 
geometry was manifesting itself from reality on every side - geometry as mathe- 
matical world orientation which required no extensive didactical phenomenolog- 
ical analysis to develop quickly. The major part of 'Five years IOWO' is about 
measurement and geometry, for a part integrated with ratios. Freudenthal was also 
the great promoter behind measuring. He devoted a didactical phenomenological 
reflection to measuring (1984), to measuring length (1983) and area (1978). 

Generally it can be said that the result of Freudenthal's strong fixation on 
phenomenological diversity of the appearance forms of mathematical structures 
and on the great individual variety of learning processes was that he was extremely 
reluctant to dictate learning paths in the steering of education. 

In the earlier mentioned evaluation talks about Freudenthal's own estimate of 
his role in the development of mathematics education in the period 1970-1980, 
also regarded against the background of recent developments in the eighties, he 
was very frank in putting forward that his contribution had probably lacked enough 
of a steering element. Steering both in regard to those giving instruction and the 
alignment of the instruction material. Seen in that light it is no coincidence that 
the keyword 'reinvention' from this first major work (1973) is called 'guided 
reinvention' in his last book (1991). 

Summary 
Realistic learning strands start with the informal context bound working methods 
of children, in their personal reality. From there models, schemes, symbolisations 
are developed which serve as intermediaries to gradually bridge the gap between 
these start situations and the level of the formal, more general subject related 
operations. The learning of the tables for instance starts with the item about the 
number of days in so many weeks. Visualising via the time line and the calendar 
leads directly to the (empty one sided and double) number line and the rectangle. 
Two master models which are of essential importance for insight in multiplication, 
also in the areas of ratios, fractions and measuring. And for learning long division 
a dynamic context problem about the transportation of passengers with buses 
serves as model context or paradigm that provides a concrete basis for formal 
operation. The same occurs for fractions with problems about fair sharing and 
measuring, whereby the language of fractions is developed and where comparing 
and operating are given a concrete basis of orientation. 

With this specific vertical mathematising combination of the starting situa- 
tion from personal reality and the subsequent model forming, schematising and 
symbolising, and added to the horizontal theme-approach, all of this together 
distinguishes the realistic approach from the mechanistic, structuralistic and em- 
piristic domain theories and practices. (See Treffers, 1987, 1991b). Freudenthal 
laid the foundation for this didactical realism and determined the development 
of concrete education for various main learning strands, but more indirectly than 
directly because he himself did not design or outline themes and learning strands. 
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3. INTEGRAL EDUCATION DEVELOPMENT 

3.1. Historical Comments 

As mentioned before, Wiskobas already existed before the founding of the IOWO 
in 1971. And the idea of integral education development already existed before 
Wiskobas became a department of the IOWO. Wiskobas pioneers Wijdeveld and 
Goffree more or less brought it along when they joined the IOWO, or really, acted 
as co-founders. The idea to approach innovation of mathematics education on 
a wide front - via training institutions of future teachers, via in-service training, 
training of counselors and instructors, research, development, via textbooks, and 
curriculum development - this was an idea that Freudenthal was most keen on. 
The more so when he established in 1970 that the Wiskobas movement was 
not only viable, but that is was also well organized in one national and several 
regional working groups. When the IOWO was founded he wholeheartedly 
gave his best efforts towards coordinating and realizing the integral approach of 
education development in the best possible manner. And it is predominantly due to 
Freudenthal's authority, status and influence that this integral approach did indeed 
bear fruits. Even though his critical attitude with regard to educational research, 
curriculum and test development did guarantee that the discussions were always 
lively - to put it mildly. The consequence of the broad approach was in any case 
that at the end of the eighties the development of textbooks, tests and curricula 
were well attuned to the national final standards and to the (informal) national 
curriculum (de Jong, 1986). While in many other countries (Ernest, 1991) any 
such attunement is lacking and the textbooks, the national curriculum and the tests 
explicitly lack the concrete views of progressive educators. For a description of 
this process of integral education development and the construction of an adequate 
infrastructure it would lead too far a field to go into this very complex process at 
this time. Freudenthal does dwell on the matter rather extensively in his last book 
(1991) in his outline of 'The Landscape of Mathematics Education', in which he 
concentrates on theory forming, research and dissemination. These three aspects 
become visible most explicitly in developmental research. And what Freudenthal 
writes about it is so important that I would briefly call attention to it here. 

3.2. Developmental Research 

Developmental research denotes a comprehensive program that is directed at 
innovation and improvement of education. It is research with an important de- 
velopment component: it is not merely established how things 'are' in existing 
education (especially research on errors is very popular in this respect) but much 
more how things should be, and one develops education that suits these findings 
(in a theoretical and practical sense). Development and research take place in an 
integrated cyclistic process. And the developer must report on that process: the 
own learning process therein, and the rational and empiric justification of the de- 
veloped product must be made clear, so that others can also benefit from it in their 
development, research and teaching (also see Gravemeijer, 1989). Developmental 
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research comprises much more therefore than empiric testing, but rather all sorts 
of aspects of innovation, among them that of dissemination - this as opposed to 
the more common research. Freudenthal observed that developmental research of 
this kind does not fit well in the current RD and D model, and therefore also not 
in regular educational research. 

4. CONCLUSION 

In July 1990 Freudenthal pointed 'his' associates of the OW & OC (currently the 
Freudenthal Institute) to the following article in a national newspaper: 

THE POLISH KNOWN AS HARD WORKERS 
Every year tens of thousands of Poles come to The Netherlands to work in 
the flower bulb industry for a few months. (...) This is the fourth time for 
Zygmunt. He has worked both in the fields and in greenhouses. Currently he is 
working in the transportation department of a company at the flower auction. 
"I load up the trucks, that is heavy work. On average I work 220 hours 
per week. That's no problem, because that's the way to make money" says 
Zygmunt (NRC/Handelsblad, July 1990) 

> The question is: Is that possible, to work 220 hours per week? 
Children of 9 and 10 (start of grade 4) appear to answer this question in many 

different ways: 
- "I have no idea, I guessed 'yes ' ."  
- "No, because my mother already works 180 hours per week. If he worked 

even more hours than he already does she would be busy all day." 
Interesting answers because it proves that children do not automatically math- 

ematise the problem, for example by coming up with the given that a day has 
24 hours and a week 7 days. Children of 5 and 6 do not yet have this knowledge. 
And apparently neither do some nine year olds. In any case they do not already 
use reference numbers of this kind. 

Even if they do have that knowledge, the reasonings and calculations differ 
substantially. Take the reasoning which departs from an 'exhausting' work week, 
therefore of '7 x 24' to refute the result of 220 hours. The calculations of 
'7 × 24' vary greatly: repeated counting 24 + 24 ÷ 24 + 24 + 24 + 24 + 24 
by various calculation methods; front-end method of stylised mental arithmetic 
7 x 24 = 7 x 20 ÷ 7 × 4, and the end-front method of the standard algorithm. 

Characteristic for realistic mathematics education is that it puts such diversity 
to good use. For instance the front-end method can be presented as an abbreviation 
of repeated addition and also as basis for column arithmetic. 

This does not exhaust the source of instruction possibilities: efficient arithmetic 
and estimation can also be used as examples: 
- A day has 24 hours, so I take 7 x 25 --- 175; minus 7 hours = 168 hours, the 

answer is 'no'  (Figure 4). 
- No, because 10 workdays is already 240 hours, so 220 hours would be more 

than 9 (Figure 5). 
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- No, because 220 : 7 = 31 ~, but a day only has 24 hours (Figure 6). 
The example shows how many learning possibilities there are in that one 

context problem. Not that all of these opportunities must indeed be employed, but 
one or several should be used, such as the discussion and analysing of the relations 
between the various solution methods of (stylised) mental arithmetic, estimation 
and column arithmetic. 

Mathematics can be developed from (personal) reality in natural manner: the 
formal rules and procedures can be derived from the informal working methods 
of the pupils - that is the heart of didactic realism. 

In the first part of 'Revisiting Mathematics Education' (1991) Freudenthal 
gives an in-depth analysis of the specific 'common sense' character of mathe- 
matics. 'Specific' because according to Freudenthal the mathematical activity 
distinguishes itself there from natural sciences. Elementary mathematics was in- 
vented many times over in the world in an independent manner, but there was only 
one Newton, Mathematics develops according to a gradual ongoing process. But 
primitive mathematical notions retain their original value as knowledge, skill and 
insight increase, while the natural science intuitions often prove not to hold after a 
time. In short, mathematics is excellently suited for gradual rediscovery, accord- 

er, elm 

Fig. 6. 
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ing to Freudenthal (also see Goffree, 1992). In the second part of his last book the 
didactical principles of 'guided reinvention' are described, and in the third part 
Freudenthal concentrates on theory forming, research and dissemination. A few 
elements from these two parts about didactics and innovation are brought forward 
in this article about realistic mathematics education: 

to bear witness for the product to make it plausible and transferable, which 
demands an attitude of self-examination on the part of the developmental 
researcher: a state of permanent reflection. (Freudenthal, 1991). 

Much about Freudenthal and his relationship with Wiskobas has not been 
highlighted: his ideas about levels in the learning process, his views on the 
issue of assessment, didactical classification methods, the educational-theoretical 
framework of realistic mathematics education and so on. But most of all his 
personableness, his intriguing off-hand remarks, his elaborations on seemingly 
futile observations of learning processes, his passion, his ability to use simple 
examples to show that mathematics is everywhere, his attention for both 'simple' 
and 'complex' forms of mathematics, his respect for practitioners of teaching, his 
admiration for a point well argued, his style of writing, his undisguised disapproval 
of developers and researchers who do not do justice to mathematics nor to the 
child, do no justice to mathematics as a human activity, to 'mathematics as an 
educational task' ... 

One of the children answered the Zygmunt-item as follows: "Yes, 220 hours 
per week is possible, because you can load trucks and let the tulip fields grow at 
the same time". 

Indeed, that is possible. Because that is also how Freudenthal worked... And 
at the same time he let grow the tulip fields of realistic mathematics education. It 
was a privilege working together with him in the Wiskobas team. 

NOTES 

1 I would like to thank Aad Goddijn, Fred Goffree, Rob de Jong, Edu Wijdeveld and other colleagues 
for their useful comments on the first draft of this article. 

2 Wiskobas is an acronym for the Dutch translation of 'mathematics in primary school. The Wiskobas 
project started in 1968 and was later adopted by the IOWO (Institute for the Development of Math- 
ematics Education). When this article mentions Wiskobas it refers to the project team that operated 
within the IOWO and after its termination continued its work at other institutes, and in the course 
of time was even expanded somewhat. When the text refers to the Wiskobas program, this refers to 
the informal National Curriculum for arithmetic in primary school that was compiled at the end of 
the eighties at the initiative of Wiskobas staff, by a wide group of progressive educators to whom, 
for this occasion, we will refer as the Wiskobas movement. Wiskobas spearheaded this movement. 
Freudenthal was the most prominent member of this innovative group. 

3 The department for secondary education within the IOWO was called Wiskivon. It originated 
somewhat later than Wiskobas. Freudenthal's direct involvement with this group was initially less 
intensive than it was with Wiskobas. But his ideas also found their way into secondary education via 
Wiskivon, both through the SLO (Curriculum Development Foundation) and the research group OW 
& OC (currently the Freudenthal Institute). 

4 This conversation was held on 11 August 1989, between H. Freudenthal and the author. 
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(H.E in: Editorial letter 5 July 1978) 

In the case at hand however, these so-called heuristics are dependent in a more awkward manner. I 
mean, dependent on the specific problem to be solved, and therefore I call them clues - a clue for 
every problem and a problem for every clue. It reminds me of teaching techniques such as: '3+2 are 
...?' No answer. "Think". No answer. "F..?'. "Four". "No". 'Five". "Very good". Of course this is 
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an exaggeration but you will understand what I mean. I am not at all surprised that the experimental 
group is superior to the control groups. 

Then for the subject of 'integration'. Of course, if you train students in a subject like this you 
should do it methodically. Unfortunately the first question is whether students should be trained in 
a subject like this, or whether there are not more important subjects in mathematics to be taught, 
regardless the career the student has in mind. Do not forget that the whole teaching subject of 
calculating indefinite integrals was invented to be tested out. I wonder whether it still exists at most 
universities. 

As a matter of fact almost all efforts to develop diagnostic tools in teaching arithmetic show 
the same features as the project you have sent me. One of the most outstanding and worst among 
them is the Swedish project. Any physician who would make such a superficial diagnosis, from mere 
symptoms, would rightly be labelled a quack. I have never seen any benefit in ascertaining whether 
a child is not able to perform this or that partial arithmetical operation even though all of them might 
have been carefully selected. It is not important to know which problems a child cannot solve if 
no effort is made to ascertain why it cannot. In order to know why children fail, one must observe 
them. In medicine it is called aetiology if one tries to find the causes for failure. I am sure this is the 
right way to make a diagnosis because in the course of the years I have had some experience with 
remedial work, and during the last few years I have cooperated with a group of psychologists, who in 
fact have singled out a few important causes of failure, which in a sense are still symptoms, though 
more profound than those one discovers through armchair analysis of arithmetical problems rather 
than by observing the learning processes. The tests proposed in your project do not even apply to low 
achievement computers, let alone to human low achievers. I suppose that serious work on diagnosing 
low achievement in arithmetics has been done and is still being done at quite a few places in the world, 
but unfortunately it is lost in the flood of irresponsible work. I call it irresponsible because it seduces 
good teachers, who try to understand why certain children fail, to believe that superficial testing may 
supersede careful observations, and because it teaches average teachers and student teachers to suffice 
by looking for mere symptoms instead of looking for more profound reasons for failure. In the research 
I alluded to, it appears that more than 50% of serious cases of low achievement are due to the lack of 
any decent instruction, which for that matter is the consequence of poor teacher training. Those poor 
teachers, rather than learning to look for possible causes of  failure, were educated to believe in blind 
tests. 


